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IMRODUCTION * 



1. ' , Wl^r aiotild Applied Mathematics be TSught ' In fhe High School ? 

Jacoti (1804451)^ speaking for* the pure mathematician, claiined .that the 
motive for mathematical research' is "the honor of the human spirit." The same 
could "be said of playing chess: there is no denying Its aesthetic and iAtelle^- 
tualsappeal. So why is th^ youth who take^ his chess as sericJtlsly as his math-,- 
ematics thought to be .misguic^ed? Is there such a difference between moving 
pieces of wood ahout on a bodrd and manipulatij^ ink marks on paper?* 

^ Chess ^ f(Jr all its excellence, is merely a gamej unlike mathematics,^ it is 
'without Applications. The miracle of mathe;i]atics is that paper work can be re- 
. lated to the worl4 we live in. With pen or pencril ve. .cAn jhitch a pair -of scales 



to a star and weigh the moon. Such ppssibili-£ies give applied mathematics its 

vxtal fascination. Can any subject give the Vo^uld-be mathematician initially, 

* at least^ --'a' stronger an^ more natur^-l* ^nterest? 
m: , * ' 

what about thfe nbn-ra^thematiciaji? ^Deny^him introduction to this sub- 

ject^^and his apprepiation of our cultural heritage must inevitably be inad- 
equate. For mathematics In the broadest sense is instrumental not only to our 
'"understandlpg^'but also to our changing the world we live in. And are A^e no-£ 
a changing society^in a^changing world? • - ' / 

2. ' mfflcuities of Teaching Applied Mathematics in the^High School . 

In our high school systems the teaching of science and the teaching of 
mathema-^ip3 have become esti^nged. To. apply mathematics there must be some- 
thing' to a^ply it to. To apply it there mnast be.^ fleld\of application even 
though there is nothing which you can count as common sclentlfjLc knowledge among 
your students. Ye-t you cannot squeeze many lectures on physics or chemistry 
or biology Intd) your 'mathematics course. This is your first ^difflcidty. There 
is a second*" The bulk of mthematics which does apply to other fields is too 
advanced for ^your »s/tud6nts ; yoa would be tcutfcing-aboy.e their heads. 

ERIC ^ ; 8- ' 
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5- Wbat is the' Way > Arouxid This Dilemma ? * • ' 

' V / - • 
- Go back to the /"beginnings of science, to Archimedps, to Euclid and Heron 

•to Galileo and Stev|nus, when things were very obvious, ve^y siniple, and could 
be explained' In 4 words.. Thus, appJLied mathematrcs in the narrow sense of 
tfie term, ; mechanics, is the ideal topic with which to^begirl, and is,sab- 
cordingly, the subject of Chapter -1» For the same reasons, in Chapter 3,'I take 
optics to illustrate thp role of mathematics in forirruXating scientifi^c theories 
and begin witiT "Euclid 's . And although in Chapter 2 (which illustrates impor- 
tant applications of functional and recursive equations to growth problems) 
things^ are not always so obvious and simple, and so concisely explainable, the 
same principle is nevertheless adhered ,to» Here, its application is slightly 
less stringent . . ' . ''^ 

• Rejectj^on of" the "Modern'' Ap'|>roacji > ^ • ' ' ^ s 

Many eyebrows will rise in horror at such a proposal. Modernists will 
l^xclair/, "Here we are living in ihe space age, yet you propose to teac^h tKe - 
'V' marthematics of antiquitV*" Such people never tire of "pointing out that whereas 
today's college courses in the sciences cover twentieth-century science, to- 
-day'^ college courses in matliematics deal with eighteenth-centyry mathematics*^ 
, They infer- that the mathematics currently taught is necessarily out oT date. 

The emergence o£ such a conclusion in a ^technological 'society is under- 
standable; the infoxence is none the less fallacious. 

Edison's phonograph, Fdrd*s Model T, and the Wright brothers* aeroplane 
are out of date . But siich machines are not ^ut of date because they are old; 
^ they are put of date because of rapid technological progress; they h^ve been *^ 
superseded by more efficient ones of 'better design. The pyramids of Egypt, al- 
though old^ are not out of date; progress in the pyramid "building line is slow 
these days; the Egypt iap variety, although old, has yet to be superseded. Si5)e3> 
session is not necessarily ent^H^ed by newness. Beset by the fad of modernity 
\\ we must be ever mindful of Aladdin and the. cry, "New lamps for old." 
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Technology and sc;aence advance hand in hand> e^eh^helps the other over ^ 

•* * - 

obstacles to progress. Liiev-ise^* the rudimetntary chemistry sjid biology of the 
eighteenth century is now, in large ineasui^, out of date. But not, mark you, , 
out of date because, like the pyramids, it is old: out of date because inad- 

: \ ^ ^ 

eq,ua,te theories flave been superseded by more adequate ones.. So we se^ the sense 
in present-day college teaching of the sciences giving* eighteenth -century develop- 
ments sc&nt attention. The diligent 'reader will now exclaim, |^But surely twen- 
tieth .century mathematical^ developments supersede those of the eighteenth cen- 
tury, and a fortiori , supersede those "of antit^uity." Such an exclamation indl- 
cates grave misconception. " ' ^ 

Mathematic;^ is different. ^OlA scientific theorXes, like old automobiles 
superseded by better 'ones^ are relegated to the^scrap heap. Mathematics usually 
conserves, seldom rs craps . , Nev mathematics is superimposed upon the old rather , 
than the old superseded by the new. h£ with the successive cities of. Dai^scus, 
the old is the foundation of the newa 'Mathematics is cumulative. Concepts 
thousandkof years old are still in use today* ^ Old bricks are used to'mal^ new^ 
buildings. ; * . 

' The raatl\ematics most Immediately applicable to the^ sciences^ is mechanics^ 
^oug^^but .concisely put, mechanics is the alphabet of 'science. To spell out 
new theories we. need new words, not a new alphabet. v 

5. MechanicsT^The Alphabet of Science . ^ . > 

Our children. -are both the beneficiaries and the Victims of a techno-, 
logical age. Pull a switch, press a button, or move a J.ever, and a complic.ated 
mechanism is'set'in motion. Turn a knob, and we see and hear the President 
making a speech in Washington. How does the mere turning of ,a knob result in, 
the presentation of distant events? With the tremendous jum(p from the simplic- 
ity of primitive machines to the/<:oinplexity of mode!rn mechanisms, connections 
axe lost sight of. The great illumination of understanding a siinple macMne, 
the insight of grasping, say, that the principle of the lever underlies prying • 

« - -10 . 



oft t^e lid of a can, iA los ^to th e modern child. His , docile nonunderstanding 
oi^seience is ],imited to Wcepting the pronouncements of th? white-coated, ^ 
^ bespectacled man on^TV, with his solemn, "Science has proved that 

Understa,nding science\starts w^ith'mechanics . And mechanics, to borrow a 
phrase from Polya, starts with the "congenital or inarticulate" -physics we all 
acquire, willy-nilly, ,in crawling from the cradle: the . experiential facts of. 
pusning and pulling, the properties of sticks and stories; our unavoidable in- 
troduction to forc^, T^^ss; weight , rigidity , flexibility , . Here is a 
common background of knowleS^e for the teacher to exploit. His business is to 
make 'this knowledge artiouSkte 

Th^ brilliant, very simple, very obvious, concisely explainable mechanics 
of Archimedes is the natur^ articulation., Of^course, I dgi not^uggest that the 
law of the r/ver can lead in three laSy lessons to showing how a TV set works. 
• There>L^ no denying the <^hasm betweei^ levers and, electrohics . Yet innovator's 
^ gf both hadv compon habits of mind — the i^^ientific attitude . Something of this''^' 
attitude can be inculcated by showing how the painstaking appl^ation and re- 
appKx^ation^f^a simple, seemingly trivial^concept, the lever, can lead to 



'^something complex and deep, the theory of mechanics. In teaching mechanics we ^ 
^??$ake a decisive step toward bridging the gap, 

* 6 . A Question of Rigo3f . , . * . ^ 

Idealization is inevitable in the applications of mathematics. By this 
^*^vice the ^complexity of a physical situation U reduc^ to manageable ^ropor- 
• tions. A storje becomes a point,, a' lever a line; knots in beams are ^ignored ^ and 
the wood is presided to be precisely, homogeneous. %At this ^age justification 
is practical^ral^Her than logical. And occasilinally int teacirijig we introduce an 

additional assumption with an "It" is obvious that or. a* wave oT the hand, • 

and Tneet a Ktoo fussy objection with a shrug of the shoulders . '^ Partial artic- 
ulatlon. Such reasoning^s good enough, initially , for Archimedes, fo';: Galileo, 
and' for Newton. -Surely if is good enough for your students » hig}> school- ini- 
tiatdon. Or, do you presumg^ you^r students abler than Archimedes? 



The mechanics of antiquity is not antiquated; its perennial y<^th is asr 
young as- today 'and as modern as tomorrgv. ' * ' • ^ 

Likfen applied mathematics to a car. Insight, intuition. Imagination are . 
its mOtor^* its driving force; rigor, its trakes, the ^ogical checks .that con- 
trcl it. Of course a car without "brakes is dangerous; imagination must not be 
ay.owed to run riot. We need to control imagination and to direct insight. But 
a car without a motor is useless/ \fe need to drive ^ little before we need to 
^teake^a little. ' , • ' 

^ ^ But axiomatica are the disc brakes of mathematics --the ver^ latest, up- ^ 
to-date-esty most rigorous of logical checks. So why content ourselves by 
teaching mechanics with only an eixiom or two? ^hy not give a full-blown axio- 
mat^ treatment? 

The /Object of axiomatics is to find explicitly the absolute minimum of 

« 

assuinptions necessary ^o a theory* With axiomatics we Tatjiy deep enl4.ghtenment; 
the price tha^t must be paid is sophistication beyond the novice. An axiomatist 
is a man who. finally ties a bow tie with tbe'othei: hand behind his back. Oh 
yes,, ii can be done with one hand; oti^iao, it^isannot be done with less. Beginners 
best use both "hands . » 

' ^ Developn^nt of geometry did not patiently wajit several centuries for 
Ejiclid's axiomatization,* nor did it wait mo^'e than twenty succeeding centuries 

' " : ^.y ^ i 

after Euclid for Hilbert's final dotting of the logical i's and crossing out of 
t-he illogical t' s . -Partial articulation of inarticulate experience necessarily 

^ ( ^ ' ^ ^ > 

preceded cQmg6.ete articulatipn. ^ * 

, * To teach, disastrously, teach with a level" of rigor inap|)ropriate to your 
students or your subject. , » • ' 

I~hope to have perstiaded you that some \indWstand'ing of applied mathematics 
(especially mechanics), liberally conbeived.'^ought .to be part of the very fabric 



of educkted common sense, not exclusively the p3;;erogatlve of the would-be math' 



4 « 



O Lcs or science specialist. -t o 



Being teachers, you knoV full veil 



that teaching is an art; that to^ 



teach effectively you must have the Greek sense of theater, the ability to tit- 
illate or irritate th'^ imagination of your students, to make them articulate 
their experience, so that they would hitc;h scales to a star and weigh the moon. 

Allow me to give the Inaterial I belieVe'importajit to present. Only you 
can b^st knpw how to present it. Teaches are apt to be overawed by university 
peopl^. While the latter^ can probably decide what* material is important, it is 
the role of the teacher to decide what aspects can be' taught in the high school, 
w^en it cah be ^taught, and how best to te^ch*it. ^ ' 
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Chapter 1* Mechanics fo3r' the * High School Student. 



1.1^ Archimedes ^ Lav of th^ Lever , ^ ■ ' ' — «r>* ^ 

' We start with the simplest raaoiiine known, to. marikind> the l^ver. Supposedly,^ 
ever since man developed beyond the level of the ape Ije has-^sed sticks -to lever 
stones • The Egyptians in building their pyr^ids used elaborate machines con- 
sisting of a combination of levers;' yet their knowledge of levers appears, to 
have been largely inarticulate. We "all know that in pushing a door shut, the 
nearer the ppint at which we push is to the^ line of the hinges the harder we 
need push. Yet how many of us realize that this common experience exemplifies 
the law of the lever«? The hinge is the fulcruui, &bout ;which the turning moment . 
of^V^ push counterbalances the opposing, turning .moment of friction >t the hinge. 
We have experience but not the articulation^; , ^ 

It seems that Archimedes (287-212 B^C.) was the first in history to ask 
for the precise tiiathematical formulation of the conditions of equilibrium of 
the lever. To ask 



■»his question was itself a tremendous step — to ask for math- 

a^ombination^of sticks and stones; for here 

'is a crucial noveltV-- P^sl^ nmber plays a role in understanding and predicting 

V—^^ • — — — — — . — . y« j~^*-< 



ematical laws for t|ae behavio: 



nature . 



We now retrace the essential steps by which Arch^edes derived his for- 
mulation. He started with the^ simplest case-; a lever with equal 

aims suspending* equal weights, See Fig. ' . j^. 



\ 





Fig. 1. 



W 



Question: Which wei'ght sinks? By the law of insufficient reason there ii ho 
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more cause for tj;ie left-hand weight to sink than the right; by the 4aw of suffi- 
cient reason there is as much reason for the , left not to sink as for the right; 
the figure is sjmmietrical. That is, the lever does not move at all. 

We cannot prove this by njathematics • -Resort to the l^of sufficient 
s(or insufficient) reason is. really an appeal to ^du^ common experience- So, with 
Archimedes, we take It as axiomatic ^that a lever as illustrated in Fig. 1 is in 
equilibrium. We shall refer to this as Archimedes ' Axiom . ' 

. At first sight such a beginning seems too trivial to be capable of devel- . 
opment. And yet ? Consider Fig, 2. ^ 




Fig. 2 

Here, a homogeneous beam of constant cross section is suspended by a string at" 
each end t^, bf the lever- If tjje lever tilts about its fulcrum the ieam 
tilts with it. The same argument is again applicable: by considerations of 
symmetry there is no reason why the. lever (and with it the beam) shouM tilt, 
either way. 'We have equilibrium. , } * • . - ' 

/ Next, consider carefiilly Pig, 5/ a iliodif ication ,of Fig: 2. - 
A ' 




Fig. 3 



What changes have bpen made? The beam is now suspended by strings from 
.ai4,A^ (where ^«Ej_A^ = A^E^ = r^), instead of from the ends of the lever 



despite these changes, equilibrium of lever and beam remain* 
^^"terdepend^nt^. IMihe lever tilts then the beam must tilt with iti if the beam ' 

EMC n J : 15 , - A' 



if tby 



\ ■ ■ ■ / •• • .. . 

does not tilt the lever cannot tilt. I5ie difference is that the modified figure 
'is not syiranetrical --unless A, ^ 'A^ happen to*TDe *syninetrically placed with 
respect tp F (i»e.; not unless = t^) . At this st^ge we^ need introduce fur- 
ther idealization; suppose the strings by which the beam is supj^orted at Aj_j Ag 
to be weightless. Thus.,, conceptually , we regain symmetry, and .consequently, 
equilibrium* With weightless st rings ^ we have one bodj^.a lever.- cum -beam, 
symme-Cricsilly balanced about its fulcrum F with respect to' external- forces. . 
Whether the tensions in the strings (internal forces) are equal is irrelevant. 

Next, we introduce an element of specialization. Study Fig* k an^ under- 
stand it. 




IThis result leaj 
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Here we conceive the beam to be dissected by. the .verttc4 plane "through 'E'. " 
K^ally, we supsose th^re to be nd loss of jnat^rial. in ctIttW*he beam, and, " 
consequentlyj^^no^loss in weight. Th^s/Vxovi^that there is no change in th£_^ 
distribution of Skterial-- which. j^9-«l^^ in a change in the dist^Crtlah_ 
.height;.: equilibrilim will st^£^tkin. That is, equilibrium still dbtainr^, 
provided that the part^,pf^<ut beam retain the positions they had prior to - 
the citt. Were tl^e^ejfl^^otate in verU^jTanes about their points of suspen- • 
sion,^the ^^^^ution.of weight would be changed. But -since A^, Ag are the ' 
mi^poijj^rtf E^B and EE^, we see that these'^are syinmetrically placed wit'}i ^ 
f^pect to their suspending strings and will remain in equilibrium. Thus the 
P^iri'<%s4^ffi .of leyer-£um- two -beams is in equilibrium.- 

Since the woo^_ iS supposed homogeneous, we me^, wit'liout loss of generality, 
, suppose ^it ^unit density. ^Tt^us_we..Mve a.w^ight ^ suspended^ at .A^^', coutf- - 
X terbalancerty a weight' '2^ suspended at A^. That is, by (2) a weight 21 

acting at .a distance fyom the .i-ulcrunl/counterbalances a Veight 2i,, -act- '' 

ing .ft agistance_ £^ frbirf it. This |ituation is illustrated'' by Fig. 6. 



|x.. O 

tERlC: 



A, 




>ijl76. 



w, 



11 



^at are the conditions for equilibrium? Obviously 

« 



Let W^"= ^^2^^ ^2 ^^1 ^^^^ we 'have 





®r 

right weight ^length^^ arm = left weight X length of^j^t arm. The 

product of, the weight and the length of the arm is a measure of ^-^e tendency 
the weight 'to turn the arm about the ^fulcrum. W^i^ is sjaicL to be the mc5ment of 
W- about So, alternatively put', for equilibrium >** * ^ 

1 / ' ' -f' 



' right h^nd moment = l^ftf hand jnoment. 



This is Archimedes* lawiof the lever. 



A, 



V, 



I have shown you how Archimedes' law is devised from "congenital or in- 
articulate"' physics. Actually, this original. treatment was sQme^fhat more 6omplir 
.Gated; what I have given Vou is a mo<iific^;tion du'e to lagrange (l756-l8l5) 
earl^ in the last centiirySi %hen su^h mathematics was not below the dig^iity of 



mathematicians of the first rank. 



4 



colleague, when teaching advanced applied mathematics* at Star^ord last 
4"uai'ter, was so. intrigued byAthis parti^cular proof of Archimedes* law of the 
lever that he spent two \ectujfe. periodic discussing just the aiciomatic implica- 
tions of this kind of proving^ This involves explication dr the notion of sym- 
metry, the distinction betyeto forces external to and internal to a system, 



nothing is changed by cutting the, beam, and manyv, "other considerations 



We could, for example, give an alternative proof, considering the beam to be 



suspended by four firings , one at 



two at X one„'at E^, instead of 



by strings at A^, A^, Then a new Fig. 3 would comprise two beams each s;isp"$ided 
by jStrings 'at its end points; o^e suspend^ from and " E^'^jbh^'^other from ^ 
E and Ep« The fiinal step would be to replace the suspension of each beam 
a single string at its midpoinjb, i.e., strings at A^, A^ would replace 

Rir • ' '18 ' - 



^ strings at. E^, E and at E, E^, respectively.. This is an alterLtive way of 

'.obtaining the original Fi^.'j. 

^ mention thesfe matters only to show that the mathematics of Achimedes 
is not trivial, despite its antiquity. Here there is enough fdod to'latisfy 
the hungriest tWnkei-. (I have already pointed out the'unsuitahility\,f fuli- 
bW axiomatics for the beginner.) I^is is how, starting from "the obVious, 
the inarticulate physics about which there is common agree|ent, we buildVup 
ouf.mdthematicd in a cumulative way. I shall further _ illustrate this cumulative 
process by making applications of Archimedes! law. 

1.2 'First Application : ■ The Centroid of a TAangle . 

We consider an idealized triangle, m^de of rigid but weightless materialV 
•lying in_^ horizontal plane," with a weight ^ W • suspended from each vertex. Our\ 
j)roblem is to find the poirif at which the triangle can be supported withol 



tilting from the horizoijtal. See Fig..?. 



V 




Fig. 7. 




But how are we to contend with three forces all at once? We Wt' use 
what we^know, yet the law of 'the leyeiv fs^pplicable only to two force_sy Ihlt 
thi^law, may be applied, we^must .eliminate the effect o^thejjiird-weight, .say^- 
the one at A. "^e/e, achieve our purpose by ihtroduolrig a support at A., Nc 
.■considerirrg A'*, the raid point oi ,BC, as -ttie f^ilcrum of BC, *e have a lever 
. with equalrweigh-ts suspended frste; equal aims. Ohus if the ■ triangle is' also 
supported 4t A\ theV^iits.-A;, AS.,aftd-co^^ M' (a mediar?' 
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of the .triangle), are fixed, so that the only motion possible is a rotation 

about AA* • But the forces &t . C counterbalance^ .^q tha.t^tb^^^iri^gle ,is 

in equilibjrim. ■ . — ' , / - - > - - - ; ^ 

Obvioi4sJ|^y an upwaJ'd. force of ^ at will counterbalance, that of the 

^weight suspend^ there'. Vhat upward force -at A* vlll counterbalance the 

downward forces of W sat »A and ')at JB? When standing on the platform of a 
• ^ ** ' * . • • ♦ ' 

weighing machine, your'vei^t, .as indicated by-the machine, is the same no 

*'•'■,■» • 
ms^ter whether you stand on. one leg or both* The''tptal doamward force is 2W, 

so we require 2W acting upwa-rd at ,A*» In short, in so far as equilibrium 

is concerned, the original forces are Equivalent to downward forces of W at 

A and 2W at A* • \Je 'ha^bsg^educe^ a problem of three forces ^to a problem 



of two forces. See Fig. 8,, 




The rest is easjr, for the .lav of the lever is immediately applicable to 



-this pair of force^^^Let G be the pojjit on AA* such that' 



AG = 2 • A»A 



so that 



Thus the triangle is in equilibrium when suspended at ^ G» This solves our 
problem. Additionally,\/e 'may ^ remark that, sinc^ the total of the, downward , 
forces ^t A, A* is 3W, we have that the effect -of the three equal forces 
of W /at the vertices is equivalent to a force, of 3^ at (J. 
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Articulation of our common^ experience and painstaking application of the 
law of the lever^has solved our problem; yet we have' by no means exhausted the" 
results inherent in this problem. The argument by which we conclude thafrthe 
point of suspension for equilibrium- is G*; two-thirds the way down th^ median, ' 
equally applicable to the^ other two medians. There are no. grounds for^'p-re^- 
erence. Yet the^ forces don^idered- ^an have only one resultant, consequently ' 
three medians must b^ concurrent at G, a point two«- thirds ,the way down each. 
See Fig. 9. * , • 



0 



i: 




Fig. 9. 



In this short deduction we see the [interplay between mechanics' and 
geometry. JJot onlf can we use mathematics to deduce la^s o^ nature; we can 
use laws of n^-ture to deduce piore mathematics. Here is" an art of which 

'ft • i ^ 

Archimedes was a master., JH - * 

Another result.* Now 'suppose* the horizontally placed trian^e of Fig.' 9 

to be a lamina of homogeneous material. From a sample application of similar-, 

triangles it follows that any line segment B*C» parallel to BC is VisecteA 

by the median AA» . Consequently the thinner we make .a strip with B C as 
* f 1 1 

^ 

one- edge, the more nearly rectangular it will become, and the more nearly its 
geometrical center lie on the median. ^ And with homogenious^material a rectan- 
©al^'r lamina would, if ^ suspended at its geometrical center, be in equilibrium. 
Thus we may conceive of the "triangle as made up of indefinitely thin strips, ' ' 
vit|i the ' equillbri^um poiiit of each and therefore th,e equilibrium- point -^51^^ all 
f on joinec^'— lying on this median. See Fig.- " , • ' 



. ' ^ Fig, 10. ~ ^ • . . , 

-But i'or precisely similar reasons the equilibrium point must also lie on , ' 
the other two medians, so by the foregoing result this point must be Thus 
the"triangle, horizontally orientated, cou2,d be maintained in equilibrium by a^' 
force equal to its velght acting vertically upwardg at G, In short, the multip ^ 
tude of gravitational forces feting on the various -bits ^of the lamina 'act as if 
. .they Vere all condentratfed at G, For this reason G is known, as the center 
of gravity,- or centroid', of the triangular lamina, ^ 



1,5 Second Application : The . Area Unger a Parabola , * ^ f 

' Archimedes^"* predecessors and contemporaries had tried, unsuccessfully, tar J 
compute the area of an ellipse and the area xmde-r a Hyperbola. Charac_tepisti" 
cally, Archimedes tackled the othe^: conic section the parabola — and -was V. 



'successful. ^His success caused a sensati'on,*' as well it might, for his method 
lies at the threshold of the ^integral calculus, 




Unlike Archimedes, we have the notational CQjiyenien<^e afforded by $inalyt- ^ 

ical geometry. The problem is to fin^ the area under the^ |para];)C)la y = ax^ 

^ / ' • - * ^ ' 1 *<^^ 

^ between 'x = 0 and x =.h, i.e., the shaded area OAB of|Fig. Ill .?y considera- 
tions of symmetry it is visibly obvious that this is one-half thfe^area OBB^, 
' one-half that between. the given parabola and its mirror im^-ge inr Ox, y = -ax * 
Carefully compai'e Piguy^es HI and 12, To any vertical strip PQ (of length 
ajc ) * at a distance x from ^0 in Fig. 11 there is a corresjpouding vertical 
' • strip* 'p'^* (of ieisgtli ^) at a distance x from 0», in Pig. 12. As the 
midpoint of PQ moves from 0 to A, and to use a favdrite expression of 
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Archimedes, "fills" the area OBB^ the midpoint of P'Q,» moves from 0* ' to 
'A* and "fills" triangle 0*B»5^». 



N9W st\^ the conjunction of these figures in a vertical plane given by 
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The lever .OA* has. fulcrum at, where 00* =1. We suppose the correspond 

In'^ typical strips , PQ, •J'Q* to have the same width and the homogeneous 

material of both bodies to be of unit density. Thus tfte weight of the strip 

2 t ^ 
PQ is 2ax -e-;, and the weight of P«.Q» is 2ax-€-l* But, obviously the 

'j^center of gravity of - PQ lies vertically below 0, so that the moment of PQ 



about 0* is 



•00»*(2ax^-e-l) = l-(2ax^.G.l) = 2ax^€ 



And since P'Q' ^.s at a distance x from 0*, its moment about 0* is 



Thus, 



x*(2ax«€<ri) 2ax € . 



moment of B^^about 0* = moment of P»Q* about 0* 



and the corresponding strips counterbalance one another. But this result holds 

^' ' / ' . , '\ 

for each and every Corresponding paijt*; W$ conclude that 

Moment of whole body QBB^^^out 0' = ifement of OB'Bj^* aboul 0» . 

Let ^ W be the weight ^of ' OBB^, A/fe»B^' has height OA^ =h and bas^ 

f ' 2 

B'B^« = 2ah and therefore weight ■^^2ah'l^= ah • This weight acts as if 



coventrated at G, the centroid of 

thirds the wa^ along *0A*, and our SHst equation becomes' 
■0 : * 



A. ' By a previous result G is' two- 



2 2 
^ W//1 ^ ^ h-ah 



So, remembering that our materials are of' unit density, 'Me have 

^22 ■ ^ 

rea OBB^ = | ah^ . 



and, remembering tii.e«syrain^ti 



Ci 'Ml ' l" 5 

'Ar^Q^ OA^I under the ]Darabola = — ah . 



We conclude with the eleg^^t result that 

1 
5 



ea OAB = ^ re^ctaaigle OABC . ' 
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Of course jfhis proof Is not completely rigorous, since the strips 
'PQ, P^QS of thicHness e, are not^ precisely rectangular. Yet it is intuUi^y 
evident that by making € sufficiently small we make the errors of these ap- 
proximations as small as we please, so .that for sufficiently small e the 
difference between the moments of -PQ and* P'Q.''/- about 0'- may be mad^ arbi- 
trarily small. Further articulation would necessitate explication of the notion 
of limit. To say this is not to sneer -at Archimedes* j)ro^ by 'his "mechani- 
cal method, * as he galled it: to tjie contrary, it is to suggest that stntuitive ' 
proofs are often indispensable stepping stones to better ones'. Archimedei^ was 
^oo good a mathematician to rest conteijt with this proof; he subsequently gave 
a completely rigorous one by the "method of exhaustion."^ The disqpvery (by ' 
his mechanical method) of what was the rigjit "formula was necessarily prior to^ 
proving it right, To^ooi, first^da^lj your hare. 

Architae^des' rigorous ^]proof for the area under^ the ^rabola, together 
with a dozen or so other proofs, including, the iqlumeof* the sphere, were 
knovn^t^ mathematicians of the Renaissance,. That he had initlkb^jised a . _ , 
"mechanical method" was also known, but not the details.' His cooking tord^"^. 
^nothing of his catching. Cavalieri (1598-I647) devised a way, based on the ^ 
intuitive Vi^onsiderat ion that if two figures have equal Qorrespondlng strips or 
cross ^sections (e.g., PQ and P»Q< in Fig. 13), then the corresponding total 
areas (or volumes) are equal. ' It was not until 1906 that a jpalimpsest giving * 
the details, of Archljned^*^ mechanical method was discovered in Istanbul, and 
translated by Heiberg (l85»£l928), the great Dani6h,;^ert >on-ftpeek mathematical 



texts. Had this been available to Cavalieri, his develqpment, and consequently 
that of Fermat,- Newton, and Leibnit^,^ would have "been radically different. 

Let us recapitulate. \^ iDegarv with the ^uest^ion/'What i,s the law of * ; 
the lever?" Geometry, with "inarticulate" mechanics, enabled us .,to find this, , 
law; successive applications. of ft, reducing a problem of three forces to two, 
to one, determined the centroid of the triangle and gave us, incidentally, a 
theorem ojT geometry; The notion ;Of centroid with, yet another reapplication 
of the lav. of the lever gave us the are^ un^er a parabola. This, is typical 
of the way mathematics works: beginnings almost too, trivial to take seriously, 
lead, w1^ repeated applications, to new insights and new discoveries, which, » * 
With repeated applicati9n, yield yet further insight andrdiscovefy. 

t . ■ • 

l.h -' Third Application : The law of the Crooked Lever . 

o ^ > * ' 

* . ^ We sup^>9se a homogeneous b^am to be freely* pivoted in a vertical plane 

about a (lw>rizontal) nail through its geometrical center 'F, with weights * 



^1* ^2 s^sp^nded from -it ,41s illusti-ated by F±g. 15- and such that 









" : 7- 
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^2 ' . , 

























w, 



Fig. 15 > 



The homog^eous beam being symmetrically placed about F, its weight h^s 
' ^no" effect" An tfee equilibrium of''W , Wp> the whole figu^'e is in equilibrium. 
r^^^J^^fc chajiges may we jiiaM Jbhe suspension- of witljout disturbing 

§quilibriumj vSupposing \Z^to be a constant weight, A^F must remain un- 
^ -clanged, for otherwise the turning moment 6f ^out P \would be a3;tiered. 
^-■^ we all know that the vertical pull of. a weight on €ts pint oCsuspension 
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is unchanged by shortening" or lengthening the string which it is suspended. 
if the string itself is of negligible weight-.- Clearly, w' my be r^sed o^ ,: 
lowered; what mtters for equilibrium is that its line of^' action, its support-^ ■ 
ing string, passes vertically through A^. See Fig. l6.. 



/I 



W. 



Fig. 16 
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; study Fig. 16. Does it matter.-i^ W^, are nov < stiepended from 

A^'j Ag', respectively, instead of from A^^A^? No, for the Lines of ac-^ns * 

of the two forces (and tl^e forceg themselves, of .course) are unchanged. • 

^ But what is the rola-o£-the b^am in this s eheme -of Hhings? - Being 

•homogeneous and suspended about itg geometrical cehter, it has no turning 

moment} it ^is^ in effect^ weightless. ^ Its role is given by its rigidity, whe;reby 

the turning moments of W^, with points of application A^', A^'/ are just 

the same as if these points had been^ A A . It remains merely to^ideanze a 

little more to reject its substance while retaining hs rigidity. In short, 

» ,1 • ^ 

equilibrium is , . , . • ' ^ ^ . / 

■ • ■ ■ 4 . ■ 




^ere A^'FA^' sis a ci^oked, w^ghtless, rigid lever. 




a ci^( 
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. * Hence, ^if. a^, are the angles which. A^'F^ A^^F make with-the 
vertical, we have^, 

^ . sin = £^ , . sin ^2 " ^2 

and, by (2) , » ^ . * 

W^i^» sin 0^ = Wgi-g* sin otg , * ' . • (5) 



4k 



the lav for crooked levers. That is, the turning inoment of a force is now the 

product of the force, the length of the arm, and the sine of the angle between 

i 

them. The factor- sin a is the.price we pay* fear. crookedness. " ^'Note that when 
a^, are -each 90 , since sin 90° = 1, (3) becomes 



Characteristically; our new result includes that from which it jrats deduced. 
Let us turn to fe^her developments. • 



1.5 Galileo : (The Law of the Inclined Plane . 

Galileo (l56Vl6i*2") was interested in the mechanics of ,the inclined 
plane. He asked and answered the question: / Given .a- weight , W on a friction- 
^ less plane inclined at an angle d to the horizontal, what force w acting 
^P^the plane is, necessary tp.preyent, from sliding* down.? Se^vFig. l8. 




.1^ 



Note tHat the pl^ecise fomulation of the problem is itself a step toward solu- 
tlon. The inarticulate physics of l)ioycling makes it obvious that the steeper 

\the incline the greater the necessary restraining force* Clearly ^,.v is a 

o >' ' * * 

■ maximum when a - 90 , and must then, without any help from the 'inclihe/ support 

' ' '% 

the-ftiU weight of W;,. otherwise w < W. Thus it is appropriate- to denc3»e the 

o • ^ - 
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restraining for<3e by the smaller letter. This con^deration suggests the ques- 
tion:*^ Is tlae^designatioif*of the angle of incline by V entirely fortuitous? 
---Consider the notation of (5)* Can the ^olution of Galileo' s, problem be con- 
/-t^e^e^-of-^as^ai^ law of tKe crooked lever? Yes.-- given thc^ 

First, since verticeQ forc^g are better underjstpod, Galileo converts w 
acting up the inclined plane into^ a/yertical force by iniifoducing*a friction- 
less pulley wheel and a weightless string, thusf 




Fig. -19 



This strategem may not appear at first sight to advance solution of the problei 
^But vhat is the problem? Vfliat weight w is nee4ed to counterbalance W? If 
these are in equilibrium, there is a certain constraint' between them. The 
connecting string being inextensible, if W moves up or down the incline a 
distance d, then w moves vertically up or down the same distance.. Galileo 
had the great insight to see thai* this constraint could be realized in a dif- 



.ferent way-- by the introduction of £l crooked lever. See Fig. 20, 
- . - - ' ' . V 




Fig. 20 



A^FA^ is an equal-armed, crooked (and rigid but weightless)' lever with ful- 
crum F.-^'A^ is the center of gravity of W, and FA^ is perpendicular to 
^ the inclined plane; is aDj^-.poini? orTthe li;ae of action of w,^ and FA^ 

is horizontal • To satisfy ourlllve« that a point satisfying these 
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requirements exists, *it is sufficient 'to note that the b is ectC3ap;,0?*. angle 
ifA^ is the laeus- of points equidist^ant from fi^Y and A^V* 

If tjie lever is rotated about F in a vertical'"'plane; since the lever . 
/is equal-aiThed , ^A^, trace out arcs of equal circles. The smaller the,-' " 
rotation the more nearly- these arcs approximate io straight Ifnes, -d-.e., 

' / : : . . / . ^ • , ^ ^ i 

for infinit^smal rotations the dlspi a ceffleat of — A^ (the center of gravity of 
W) along the inclined plane is the same as the vertical displacement of A^ 
and therefore the same as that of v. Thus the constraint realized by strfi^ 
and pulley may, alternatively)- be realized by the crooked lever A^^A^* 
we know the conditions foyf equilibrium with crooked levers, so thsub' the problem 
is, in principle, solved. \ 

Now, the details. . ^ » 




¥±g. 21 . / 

From Fig* 21 it is clear that the angle, between the arm A^F and the vertical 
line of action of W at A^ is a. So, by the foregoing considerations, \«e 
see that the conditions for w to maintain W in equilibrium on an inclined . 
plem^ of angle a are equivalent to those for equilibriimi in t^iie following ^ 
situation. w 



\ 
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By the law of the crooked' 3^ever, 

since wi sin 90* = wi • 1 

^ . wi* = wi sin a 

so that , 

w = w ^in a 

> 

This is the lay of the laclined plane. ^ 

1.6 Stevin: 2l£ Inclined Blane.-'^^. 

There is another proof/ a most %«gtot proof/ due to a Dutch mtheWtician 
Simon Stevin or Stevinus (15j^8-l620) Although -St^&i/as one of the most toil- 
liant applied mathematicians who ever lived, he is less well Imovn than Galileo; 
he was not threatened with death by, burning at the stake. He invented the fkrst 
horseless carriage, a sailing carriage for use on the dunes of the Dutch- coast; 
he constructed famous dikes still in use today; and feeli^' prac^cal need for 
the facility of decimal fractions, he invented them. For him^ mathematics, to 
be any good, liad to be good for something. . -^^ " 4^ 

^ Let 'US see how he proved the*>law of the inclined plane, that the force 
, acting down it ^due to W, when the angle of inclination is a, is W sin a. 
His proof is based on the following figure. 




Stevin was so pleased with his proof that this diagram graced as vignette, with 
^the inscri^on,"It looks like a miracle, tut it is not a miracle,." is th^e 
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title page of his treatise on mechanics. He had good cause for his pleasure; 
how the law of the inclined plane follows from the equilibrium of a heavy rope, 
with joined ends, when suspended over a triangular prism, is )^vious only. to a 
man of his, genius^ 

V-^^^se! the heigsry rope to be in motion initially. This supposition raises 
the C[ues!^ion, when will 4j stop rotating?/ Its rotation is 'caused W the forces 
^ -acting up5n ~it^_^^ But, f or^ every particle jof r,ope that go^s down, say 1 at' C,, 

rope re- 



an identical* particle moves up at A.- . Thus the configuration of the 
mains uflch&nged, and consequerjtly the driving forces which 'initially 



caused 



motion still* persist . Therefc^re, since it^is rotating initially, it| must con- 
tinue to i:otate, forever.^ We ha^^ a perpetual motion machine and caif use its 



eith^ the 



power to drive a dytiamo. * ^ 

We feel, as i^tevin felt, that this coiylwsion is absurd, 
heavy rope is in equilibrium or it is not. With him, we have no /ilternajbive 



irnajciv 



but to conclude that the rppe must be in equilibrium. 



Undoubtedly the portion of the rope hanging below the tri/ngle hangs 
symmetrically; tlie downward'^force at A is counterbalanced by/ an equal ''down- 
ward force at C.^ Thus, since the rope ABC' is in equilibrium before the re- 
moval of the^^portion ADb, it must remain in equilibrium af/er its, removal. 
That i^^, th| f jrce ^act Jng „down the ,one incline dye^to^the /eight of the jrope 
BA counterbalances the force acting down the other due Jfo the weight of the 
rope BC. ' See Fig, 2k. ^ 



JIL 



- Pig, 2k 

The force r^ecessary to ^prevent a 'weigf|t W from sliding ^own an in- 



clined plane of angle 0,^ depends on'^Q; P iijcreases as Q ^increases, P 
"decreases as 0 decreases; that is, .P Is a function of 0> ^ .;say, f(0). Also, 
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of course, P depends on W. If for a given incline W is doubled then " 
\s doubled. F varies both as W varies and as 9 varies, that is, 



p = w(f(e)) 

^The problem is to specify f{0)' See Pig. 25. 



(5) 




Fig. 25 ' _ 

Let p be the density of the rope, i.e., the weight of unit length, so 

that the veight of .the rope AB is ap and that of BC ' is bp,. Then, since 

AB 'is inclined at angle a to the horizontal the force P, to prevent it 

/ 

slipping down is given by , / 

• / • 

= ap . f(a) . • (h) , 

Likewise,^ the force P to prevent BC slipping down its incline of angle P is 



p. = bp . f (p) 



But since the rope . AB counterbalances the rope BC 



(5) 



^1 = ^2 



so, by (3), ,{k), and (5), 



ap • f(a) = bp . f(p) 



and from the geometry of ^Pig. 2k, 



giving 



sm a 



sin p 



.1 



SO that 



sin a " sin-p 



Bit Stevln^s argument is apf)licable to any arbit>ar;3f Jbriangle ABC. ,No 
matter what non-obtuse angle a we have selected for the one incline, we are 
^ free to select p .for the othep: incline independently , of pur first choice. If v 
^we take another case of Pig. 2h with angles a, we similarly deduce ''^ x 

f(Q!) ^ f(P') 
* sin a sin>p' 



giving, with- our first result. 



= ^^^^^ 

in (3), we have 



sin 



a ^sin p " sin (P') 



is ai^nstant^ and any non-obtuse angle 8 • Hence, 



P = ^ • C • sin -0- 



-It remains to determitie dz, When 6 = 90% ^ W is as if suspended adjacent 
to a vertical vall^ and clearly F=VW, substituting in (6), we have^ 



tM: 
. and 



refore, 



W = W • C '^^sin 90 =* W '•'vC • 1 
0 = 1 

- P = V sin 9 . 



/ 
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1*7 In conclusion . ^ , . 

Although I have wade thlk derivatifon much longer than need be^ 1 feel it 
well^ worthwhile td teach. It has the advantage of introducing tb^ no^tion of a 
function in a natural way/ I know it is "modern" to teach children that a fmic- 
fion is an ordered pair, and that a nine-year-old sounds so sweet when he tells 
you so* " Wouldn^t it be nice if the nine-year-old knew what to do with an ordered 
pair? MatheAaticians evolved the notion of. function because they had a need; 
it enables t^em to cope with situations in which this depends on that. That this 
^ tmg -^ that ^lQ^iadence ^s up"^^ same logical tree as the son-fatfiey relationship 
comes much later. In teachi^, never jDut .logical carts before h^;uristic horses. 

Do remember -the inscript^ion Stevin gave his diagram: "It iociks^like a * 
miracle, but it is, not a miracle." The endless rope which does^nbt slide upon 
^the triangle -contains, so, to speak, the law of the inc'tiTieS plane . Stevin* s 
achievement was to make this lon^analyzed, inarticulate knowledge, articulate . 
What at first sight is apparently miraculous, we see subsequently to be no more 
miraculous than otHer items we. regard as self evident . His wo"rk is characteris- 
tic of the first rate in applied gidithematics . 

The law* of the l^ftver has mfitny other applications, but I have no more time. - 
I hope I have given you some insight into the driving f9rce.of mathematics and 

some ^Tiea of how good mathematician^ go, initially, about their business. 

' y 

What work have we considered? Archijnedes ' as simplified by^llagrange, then 
Galileo's-, then Stevin' s. The sequence is not entirely fortuitous. Mankind has 
found its way by groping, by trial and successive correction, by closer approx- 
imation to t^le truth. * oh, yes, ther^ have been tremendous blunders in the^ 

dev^opment of mathematics and science, but broadl;^: speaking the work of first- 
^ - . - \ '^^-S^'" . . \ 

rate men of one era* has been used as a founda'^on for their work by the first- * * 

rate men of the succeeding era. Mechanics^ as we have said, is the alphabet of 

of 'science. Thus the sequence in which fruitful concepts evolved is a first 

indication ojgL the ^sequence in which to teach them.- 'The history of ideas concerns* 

itself with all concepts, good, indifferent, and bad. f'To the contrary, the 
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/ ... 
genetic method concerns itself only with the good ones, ^except insofar bs 

their contrast with bad ideas can serve to show what makes better ideas -better • 
• ^"^.^ ■ • \ , 

TO^conclxide this Itecture may I remind you that the initial development of 

^* \ 

mecn^ics'was not, a fullAblown axiomatic treatment. Are your students abler 
than, Archim^aes? ^ V ' ' ' . - 



r 




. \ - - 

• \ . . 

* .Chapter 2., Growth Functions. 

Hats, therefore* hat ^egs ; growth, therefore growth functions . What could 
"be a- more natural introduction to, the' concept of function than growth problems^ 

* * 4 \ 

m *■ 

In the f Jfst section I show how the exponential law of growth i& deriVed from 



-a functional* equation that ai^ises nkturally from its context. In the second' 
section ve^^onsider an application "by Maxwell of this result. Next, in;cconsid-. 
^ring population growth we, are led from functional to recursive equation^. 
Their use Is further elegantly exeniplified in the fourth section "by considering 
the/' growth" bf the number offsides of a regular pplygon of "fixed perimeter^ 
thereby giving Cusanus' formula for ' , ' ' ^ . 



2.1 The Exponential ' Law of - Growth . \- \ ^ . . _ ^ 

How much timber Is there in a fores^ [Erees ^g^row. The older the forest,i;., 
the bigger the trees. The. bigger the trees, the greater the amount of wood; 
Provided that there are no forest fires and no trees die, the volume of wood 
increases with time. The volume of timber depends upon when the forest was 
.pl^tedi it Is a function of the time for which the trees have /been groving. 

' ^ ■ ' 7 ■ ■ 

Doesn*t this situation invite introduction of a mathe^tical notation? 
introduce one. "N(t)" is to be read as "the volume of timbejr (in cubic feet, 
say) in a given forest t years after it was planted." Thus N(O') is the 
volume of timber in the givpn forest 0 years after it was planted, i,e*, N(o) 
is the volume of timber initially. • 

But the volume of timber^ in -^he give^ forest after t years, N(t), does " 
not depend onl^ upon the time for which it hai^ been growing; also, it depends 

upon the' size of ^the forest originally, .N(0) . And how does N(t) depend upon 

' . • * 

N(0)? We take it as obvious that if ,a forest had originally been tvlce as big 

then it would_now be JbHl^^e.. "big as it is; if originally three timiss.^the orig- 
inal si2e,^ow three times its present size; if originally four times the* orig- 
nal size^ now four times the present siz^; and so on. More precisely, supposing 



that tfie gifn forest has'-been growing for t^ years,, it^ present volume of 
timber -voui be- N(tj), or aN(t^);-or 3N(t3_-), orj^it^), or whatever, 
according- Is its original volume was N(0), ^r- 2N(0L.' or— 3N(-0), "or ^ to(0), 
•or whatevi-.it was, respectively, "ihus^the 'reYatiJn betweeii N(t^) a£^(0) is 



such that! 



N(tj^) feN(t^) ♦ 3N(t^) -l^N(t^) , , 

WoT ■=/2N(0) = 5n(0^= 1;N(o) =' " Vj ^1 ^^'^ ^ constant 



so 



ll{t^) = ^ N(?)).. . ' (1) 

- Thi6 is the mathematical statement of the assuurption that the present (at time 
t^ ) volume of' timber is dire^ctly proportiohaJl tO' the original amount.* This 



assiinption merely amounts to assuming. non-interference of different trees in the 
/ ' - * 

' forpst, one with another; they grow independejitly. 

If, alternatively,.. we had supposed the forests to grow for t* years, w 

would have Concluded that " ^ ^ . - \^ ' 

* \ ' ' ' ^(t^) = N(0) • . (2) 

X 

where is some constant. This raises the q^uestion: Does = k^? Well, 

suppose them equal. What follows?' 

/' N(t^) = N(t^y ^ , • _ • 



i.et,that the volume of timber iri the given forest is the same after t ^ears 
as it^ was after, t^ years . The consequence is that there would have been no 



>grovth at*all for t^ t^ years. , 

^But with' forethought we could have foreseen this' consequence. (1)^ or (2)' 
telllsbut half the story; the present size of tKe forest depends not only on its 
prijgina^^size, but ^so on the time for which it has been growkng; N(t) 'depends 
^^n t. as well as on W(0) . So, to'^tell the whole story, k^ »in (1) must de~ 
^ r>end on, or be a, function of, t^, and k^ in (2) must depend on, or be a function 
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of, tg. That is^ (1), ^{2) must be exemplifications of a Idiw.of tlae paite;cn '^^^ 

f N(t) = k TJ(0) ^ 
where k depends on ' t. , * 

■ ... t ■ ^ 

Although we know that k depends on t/ fwe do ^not know how k depends 
on t. So we must le&ve the nature of the relawtionship unspecified, and write 
that k =-f(t), giving ' * ' ' 

. • ^ N(t) = N(0) . f(t) . * ^(5) 

Note that putting t = t^^, t = t^, successively, we get ^ ' 

N(t^)^= N(0) . f(t^) , NCt^) = 1^(0) • f{t^) / 3 

•* 

so that , k^ = f(t^) , kg = f{t^) 

r ■ • \ 

so that kj^, kg are constants as required by (1), (2)> but that k is fixed in 

j^ue for a given v^ue of t is not to imply that k Jias the same fixed vfeilue 

for different vali^s of t. ^ . ' , 

With hindsight, we can now see ("5) as obvious. If f(t) ^ is the volume of 

timber in one tree after t years of growth, then N(0) trees growing for the 

same jjeriod have a total value *pf-* timber of N(0) • f(t), the volume of the_ 

forest after t years^ N(t). , - , 

' . ' >^ 
We must use (J) to specify f(t). Suppose for ease of exposition that our 

J . ' 

forest was planted at th^ turn of the century^ ©len 5 years later^ in 1^03, its 

J * ! . ' 

size N(5) satisfies the equation ' 

* • N(5) = N(0)^- f(5) . {h) , 

What is its size in 1911? What^ in o-yier words, is the size (5 6) years 

after planting? Two ways of answering this question now present themselves: the 

" ' * ^ i ^ 

one in terms of itSxgroKth since it was planted in 1900^ j(5 + 6/ years ago| 

+.hp other in terms of its additional growth since 1905> 6 year;5 ago. 



Bev (» the first answer is • * 

■ N(5 + 6) L N(0) . fC5- +,6) . (5) . •! 

Ttie second answer is slightly less obvious. We now consider our forest as^if 
it 'had been pl a ii bett- ln 1905 vit# the initial size • * 

[N(0) • f(^),] -~ s^e (k) — and had grown for only 6 years. By^5)^ we have ^ 
• • ' N(6) = [N(6) • f(5j] • f(6) V ^(6) . 

(the bar in ''n(6)" Is used ta remind us that "6" refers to 6 years after 1905^ 

« 

not 1900).* ^ 

But tHese*'two answers, "given by (5) and (6), must be the same^ for N(5 + 6), 

the volyme of wood ir\^ our forest (5 +,6) years after 1900', is the volume of 

wood there, *ii(6), 6 years after 1905» Consequently, " 

\ *^ • ' ' ' 

N(6)'- f(-5 + 6) = ,[N(0) • f(5)] • f(6) . . 

"which gives the functional equation 

*^ 

■ ■ f(5 + 6) = f(5) . f(6) . 



' " The specific periods, 5 and 6 year^, ;<ere used for ease of exposition. 

, ^ The argument may be repeated with th^ unspecified arbitr,ary periods t- , t^, 
giving ^ . " 



f(t^ -f t^)*^ f(t^) • f{t^) , ^ W (7), 



,.the fun^^onal equation that the function of, the" sum i^equal to the product . 
of the functions, 

Not6 that ta deduce, this equation I did%not need any technical knowledge 
of bix)J^gy or forestry. ^Bhat I merely made articulate what we all know even ^ 
^ though' He never stopped to think ^about it is evidenced by your immediate 
acceptance of mjs premi*^ses. * ^ » ; ■ , ^ 
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Let us use the functional equation, (7); to specify "^t) Put-fcLng 



f(2t) =f(t) • f(ti = f(t)^ , - 



and with t^ = t, t^ = 2t, .-^ ' ^ ^ 



f(3t) = f(» - f(2t) = f(t) • f(t)^,= nt)^ 



These results lead us to suppose that 



f (713 tX = f (tf ' 



the consequence of which, since 
» 

c • 



I 

2 



f(nt) = f(t+n-l-t) = f(t) - f(;i-l-t) by, (3) 



is that ^ • ' 

f(nt) =^f(t)'^,. / (8) 



4 



But f(l-1?) = f(t) = f(t) 

" ' ^ / 

~^so that (8) holds when, n = 1, and consequently by^he principle of mathe-- 
matical induction (8) holds for every positive integer n* ' 
Thus-, we** have * , j*** ^ ' 

' ~ .f(nt) = f(t)" . - (8) 

. . *. f(mt) = f(t)"* (9) - . 



where n, m are positive integers. 
1 

. ,^ Putting t = - in (8) . 



T T&king^the n*h root 1* 

, : A ' ■ f(l.)^ i f/i\ ... 

. fialsApg ta*the m^^ .power, J ^ ' * 



pdttirig,^ T:r^ in, (9), 
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• ^ Therefore, 



mtipg - = t and f(l) = a/-ve obtain specification of f(t), * namely^ 
* ^ ^ ♦ ' ^(tj = a^- ^ (10) 

where a is a constant since f(l) is ^ constant^ and t is any positive 

rational since m^n are arbitrary positive integers. This is "known as the 

\ 

exponential function. ^ ^ 
Hence, by (5) the law of growth for our forest becomes 



N(t) ='n(0) *'a^ (10)^ 



the value of a depending upon the kind of forest considered* 

« 

(Strictly speaking f(t)'^ has been defined only for rational values of 
t; but if it is conceded that a forest* grows continually^ then obviously (10) 
is to be accepted, for all (rbal) values of t. ^whether this point should be 
discussed or not discussed depends upon the maturity of yolir students.) 

We have answered the question: H6w much timber is there in a forests 
Yet it takes but slight reflection to see that the^aw of growth need^ot be '* - 
applicable solely to forests. Of course, it is applic^le to any phenomenon 
whose ^owth occurs as the growth of trees occur.. And hov do tre^s grow? Trees 
grov in such a way iJhat the amount of growth made* in any peripd i^ proportional 
to the amount of !wood growing aji the begi'nniilg of that period. ' 

rt is irapor'^nt tjo^be clear on this point. Part of our', inarticulate 
common lmowl4|dge,-it is readily ^articulated by. the law of groVth. N(t-), -^(t + 1), 
N(t -+ 2) being tie volumes of liiiriber in a given forest at' the end of t, 

i ■ * ' , ' , i 

t + 1, t + 2 years, respectively, N(t + 1) - N(t), N(t + 2) H(t + 1) are 
the amounts of growth in the (i^l)^^ and (t + 2)th years. By (lO), ' 




N(t + 1) - N(t) = N(:0) (af^-a^) =J)j,(o) • a*(a.- 1) = (a - 1) • N(t) 

^ ^ ^ 42 

f 
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Slmilar'ly, . • 

' N(t + 2) - N(t + a) = (a -;l)*N(t^+ 1) . 

• t 

In words: the amount of growth in the t^^ year'T^ (a - l) times the amoiint 

i a'vaila\)le to growth at the beginning of that year, 'and the amount of growth in 

the (t + l)^^ year is (a - l) times the amount available to growth^ at the 

^beginning of that yeslf. But that t is measured in years is irrelevant; we 
could hava measured t in seconds; we could have takeu one-million^;h of a 
second to be our unit of time. It follows that, the amount of .growth in any 
instant is proportional to the amounii of material available to growth at the 

'beginning of that instant; i,e.,that *ttie instantaneous rate of growth is propor- 
tional to the Wount of growing material. 

What grows in this way, as trees grow? If -in (lO) ja were less than 1 the 
tree^ would gjsow smaller, i.e., decay. IF'is known that the rule of decay of 
re^ioactive material is proportional to thje amount of material available; con- 
sequently' the law of growth is applicable. Vhen a ray of light passes through 
an absorbing medium, the intensity of the light is weakened by the passage; the 
weakening is 'proportional to- the intensity. T)yi& the law^of growth is also ap- 
plicable here. We^iiave . ' ^ » 

I(x) = 1(0) a^ 

where l(0) is the intensity of the incident light ray at the surface of the 

absorbing medium, l(x) f'the intensity at a depth x within the absorbing 

/ / ' \ .... 

mediimi, and a (less than one) the absorption factor. ^ ' 

Compound, as opposeS. to simple, interest is another example. With simple 

interest the rate of growth of the investment (supposing inter e|t to be left on 

deposit) is .constant and is proportional to the capital invested initially . 

The amount of interest ea^'ned in tjie thirtieth year is the same^.as that earned 

,*in the third* year,. If, to the contrary, interest payable on capital is'permlt- 

ted to accrue as additional capital and the total cffetpited to date (i.e. , initial 



Ihvestmeilt plus accrued interest) grows at a rate proportional to the total «>. 
capital to date (not'^proportiLonally to the capital initially ), then interest 
is said to be compounded. 

Interest is permitted to accrue as capital at yearly intervals', the in- 
terest is said to be compounded annually. Of course, in' this event the amount * 
of intet^est earned in the thirtieth year lastly exceeds that earned in' the third 
year, for the capital grows with the 'interest. The formula is 

whei^e is the capital initially, , the total capital at the end'^of n - 

years, and a a co.nstant depending upon the annual rate of interest. 'If in- 
terest is compounded at more frequent (or less frequent) regular inter\£als, 
then n is to be taken as the number of times interest has been permitted to 
accrue as carpi tal, the total capital after the n^^ increment, and. a a 

constant depending upon the rate of interest for the intervals in question, 
s^jpiannual, quarterly, or whatever it may be. With this application of the 
law of growth there is merely the difference that n is restricted to integers. ^ 

Interest could be compounded daily or at' far more frequent intervals. * 
•Hiough your banJc manager might, j^t agree, you could argue that an instant after 
investing your capitSi^S^^u should be entitled to" an ' instant » s Tnt^ Of 
course, calculated ^ rata vl^h the anr^ual rate this wQuld be small. Nev^r- 
theless, with your money growing continually you might be tempted to suppose 
that you would become infinitely rich in a year or two — until you tempered 
Jrour wishful' thinking with the somber reminder-' that this growth would also be 
goveme^ by the general law of growth. It turns out that if your. capital C 
was invested at 100^ per annum compounded instantaneously, then your total 6ap- 
ital ' at the end of n years would be" given ,iy ' * . ' 

' 1 . • ! 

15' n 0 

^ ? ' * * 

where e, ^ number of great importance in mathematics, is the base of Ifeperian 
logarithms. This formula was first deduced by^ Bernoulli. Note that it exemplifies 
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the general law, with a = e. The only difference is that since the ihcremeat 
periods pare instantaneous, n is not ^restricted to integral values. Putting 
n =*1, *we conclude that in the time C would double i£self at lOO^t simple 

interest, witl^he interest continually .compounded it becomes d. Approxi- 

» ' * 

mately e = 2.7l8, so, investors please note, while the one way $100 "becomes 

$200, the other way it grows* to nearly $272. 

To recapitulate: I have shown how the concept bf function and the barest 
jTidiments of functional equation theory may be use4 to deduce the exponentiaJ. 
law of growth^ and I have indicated fields of application. 

2.2 Maxwell's Derivation - of the Law of Errors . 

In this section we cpnaider Gauss* law of errors (Gauss 1777-1855). We 
shall find that Maxwell's (Maxwell I85I-I879) ingenious derivation of it depends^ 
upon the solution of a functional equation. This solution is an application of 
the exponential law functional equation considered in the last section. 

When at the beginning of the last century astronomers, phys;Lcists, and 
surveyors started to make very precise measur^ements, it was realized that there 
is no such thing as ati absolutely accurate measurement. ' j 

First consider the question of a single observation. Astronomers chart 
the stars as accurately as they know how, yet two astronomers seldom observe 
the same star as b^ng in the samo. position though it is in__th£._aanie posi- 
tion. T^e figures expressing their measurements, are apt to differ in the last 
decimal place or two. 

To come iiearer home, the spring in your bathroom scale becomes fatigued* 
« ^ • 

and loses a little of Its springiness. * With changes in temperature bits of 
-metal alter in length and so modify its mechanism. If over- conscientious about 
your weighty you majr evade many of^ these contributiqns to inaccuracy by, resort- 
ing to an eqxial-arra balance of appropriate dimensions. But even the arras of 
"balances become tired and droop S little. Better designed and more Qarefully 

. ' • . ^ ^ ^ ' . " ; 

constructed instruments measure more accurately, yet it is always a question^ 



more or less better; there are no absolutely" accurate measur>ing devices, .We 

include the human eye reading a pointer against a graduated scale. 

We suppose you/ afflicted by a weight-reducing fad, weighed yourself on 

three bathroom scales this mo3;'ning, their' readings .being 201, 207, 20k pounds, « 

Your problem: ^ What was my weight this morning? Possibly you would, in the 

absence of a known weight with which to test the scales, take the arithmetic 

average, 203 pounds, as correct. You would conclude almost with certainty that 

you did not weigh JOO^unds, and think it very lilikely that you were -as much 

as 250, Surely t}\e fur^ther removed the estiiuated figure from 203 or Adhere- 

abouts, the more unlikely its correctness. .r"^'^ ^ I 

.Unimated, the notion of probability intrudes upon the scene, U»6&tai^^ 

of the correct figure we cannot be certain of the error of.L^g^'^^^ast^^ 

.ing; the most we can ask is such questions as, "What is theilkejLChood that- the 

observed reading n does not differ from the actuaJ measure by, say, more than 

^ n?" The general answer to questions of this sort is called the law of errors. 

With this answer we shalDbe presently concerned; 

Secondly, consider the question of the combination of ob^rvations. Al~ 

thpugh hundreds of physicists have made measurements from which to deduce the 

velocitjJ^Of light, no two physcist^ have obtained ^exactly .the same result. The 

^dedti^ed nwber being dependent upon seyeral measurements, each subject to erroi^ 

the fina]^result necessarily incorporates a combination of these- errors. - 

Consider, for simplicity, the 4^ollowing example, A square lamina of 'side 

5 units measured as having sides of. 5.1 and ^4, 9 units. So whereas the actual " 

area is 25 square, unit^, the area deduced on, the basis of our measurements is [ 

2k.99. Althpu^ 'there is a 2<f, error in each of our measurements there is only 

1' " . ' ' K ' < \ 

^ 25" °^ l^'^error in the final result. One; Imeasurement. was too big, the other 

too small, so that each error tends to annul' the inaccuracy due to the other." ^' ' 

But this oversimplifies; the point being that, we never know with certainty the 

actual; errors. A more realistic^ queBtion is: J If i^ is 95?^ certain th^t the ^ [ 

error in each of our measurements does not exceed 2^, what is the probability* 



that the error in the area calculated on the basis of these measurements does ^ 
not exceed, say, Vjoi ^ * ^ 

We have briefly indicated the kind of problem this line of thought leadte 
to: now ve must return to what it leads fropa^ the probability of ^uch and 
such an error iu a single measurement.. As we have said, the general answer to 
this latter question is known as the law of errors. ^ 

The law was first derived by Gauss in the masterly way characteristic of 
this great mathematician; but his approach to the problem was so abstract that 
Maxwell, among others, i^ras only partially convinced of the correctness of his 
derivation. It lacked that down-to-earthness fqund in, for example, Stevin's 
deduction of the law of the inclined plane. Maxwell was led to ex&nine Gauss* 
proo£ when he needed the law of errors to further develop statistically th^ 
kinetic theory of gases. He was concerned with the down-to-earth conception of 
the behavior of a gas as that of billions "of molecules* darting to and fro, 
pushing against the walls of their enclosure, 'so it is perhaps not too sur- 
prising that he came up with a marvelous, immediately" graspable, proof.- Yet : 

X '''' ' V ♦ * 

on second thoughts it is most siirprising; many contemporary physicists shared 

'his dissatisfaction, but none his discovery^ Si^^is the prerogative of genius. 

From. the problem of molecules impinging on the walls of their enclosure. 
Maxwell turned to that of bullets hitting a target. Let us consider his deri- 
vation of the 2aw of errors. ^ 

Consider the marksman who misses the bull*j&-eye. Typically, the^ (printable) 
phrase he uses to describe his shot, is one of the following soirt: ,to the 
right of center; on center, but too f^r to {the left; on ^cfenter, but ^tbo high; 
to the rijght of center end too high; left of center ^^nd lowr- fie r^f^rs to,iiis 
bullet's position as a combination^ of two eii:Tors;^a horizontal and a* vertical 
deviation from the bull's-eye. Taking our c^e from him, we , introduce rectangular 
coordinate axes wi-^, origin at the bull" s-ei^e and x-axis l^oriZQntal*< ]H(x,y) . 



is the position of his hit. 



If a marksman is standing in a fixed position at a certain distance from 
the target, what is^ his probability of "hitting the bull's-eye? First, this 
will dep^d.upon the size of the "bull's-eye. 'Surely we are agreed -that, if it 
is no "bigger than the point of a pin, then 'it is practically irapossi"ble to hitj 
and that if it is conceived of as a mathematical, point, then the pro'batility of 
hitting it is zero. Thus we must reformulate our questions: instead of asking, 
"What i-s the prohahility of hitting Co,0)?" we must ask, "What is the pro"bahility 
of .h^.tting the target within the neighborhood of (0,0)?" The general question 
is, "What is the pro"ba"bility ^when aiming ^at (0,0)) of hitting within the, neigh- 
borhood pf (x,y)?" 

• Obviously, the pro'bability will depend upon the size of the neigh'borhood; 
take the whole world for the neighborhocji of (0,0),and the marksman cannot miss. 
The neighborhood must be specified. It is natural to take the rectajigle of 

^ sides Ay, centered on (x,y) as the neighborhood of (x,yj. See Fig. 1. 

Y ' . ^ . * 

, " i/> / 
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Yet there ren^ins a- question. What, e:^plicitly, Me mean by "probability*'? 

^If a marksmart, in firing his first 1CX)0 rj^ds at the bull!sreye hiibs^its ' 

j ' ^ * ' ' ' ' 

neighborhood times, does th^ same thing with his secon^,10CJo sfiots^, with his 

third,, and fourth thousand, then we would 'say^ that his probability of a bull'^s- 

60 ' ' ' ' . - - ' ' ' If',!' 

eye IS YooQ • ^^"t i"t is a commonplace that performance varies, even for an en- 
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thusiast whose marksmanship does not improve with practice. It would be more 
realistic to suppose his successive scores 60, 57, 62, 59, .... To Jjudge his 
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expectation of a bull ^ s-ey^ we ^ would consider his perfdmance in the Ipng run. 
More generally, the probability of a shot hitting thfe neighborhood of (x,y) 

* 

will be said to be p, if he has hit this neighborhood 'pn times with h shots, 

vhere n is very large. 

Clearer as 'to what we mean .by "probability," we-readdress to ourselves the 

question: What is the probability of a hit in the rectangular Ax x ^ neigh-* 

* 

borhood of (x,y)?" For brevity, we put 'this symbolically, P(x, y, Ax, Ay)? 
But aren^t we really asking two questions? Or, to be more precise, are 'there 
not two (easier) questions on which the answer to our original question depends? 

(1) What is the probability that a hit will lie in the rectangular strip of 
width Ax centered on x? Symbolically, P(x, Ax)? V , 

(2) What is the probability that a hit will lie in the rectangular strip of 

width ^ centered on y? Symbolic ally, P(y, Ay)? 

Study the- conjunction of Figs..^ 2(l), 2(2) to give Fig. 1. 
Y • 





Fig, 2(1) 



Fig. 2(2) 



, 'Does not 'this make It clear that our original question may be construed as: 
, What is the . probability that a hit will lie in both strips? 

n<3%r, specifically, does P(x, y. Ax, Ay) depend on P(x, Ax) and P(y,^Ay)? 
The depen<ience^ may be illustrated by a problem of throwing dice. 

Suppose that the probatility of throwing a with a given "die is ^ 1ari3 
' tY\&t 6f thr6wing;a wi,th a second die is also/| ^ whkt is the jfrobability of 
fhrowing a 3 vith^the j^j-st and a h with the. sfecond? In the long run 3 turns up 
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with a fre^u^ncy of , so that if we consider. .36n throws, whe;re n is large, 
6n of these pair^ All have a 3 uppQimost on the first die (and the other 30n 
pairs wilX not), of these 6n p^r^, since the frequency of a 1^ with the second 
die is. ^ , yid€?pendently of the first result, jtist n of them will have a k 
uppernMS^,. [Ehus, just n of. the 56n pairs will have a' 3 uppermost on the first, 
and a k lippermo^l:; on the second. Jn short if two independent events have prob- ' 
abilitie^^of ^ and t^n the conjoint event has a probability of \ ^ \* 
More' ger^rally, 'if p^, p^ are the probabilities of* two .independent events, 
then the probab;llity of the combined event is p, x p^, the product of the in- 
dividu^ probabilities . It follows that 



' ^ . ° * ' J'Cx, y. Ax, i^) = P(x, Ax) X P(y, A/) . ' - (1) " 

.-. ' ' * - \ ■ • ; 

It^s a8 ^pen nsthematical secret that with two, questions to answer it is 

best to answeii'sf^hem l5ne at a time. What is P(x^ Ax)V If a barn is five times 

' ^ ' , * ' ' \ u ' 

as Vi4e as its door, then surely 'the change of hitting the barn is five ^Imes ^ 
> ^ ' . . ^ " . ^ 

that ofV^itting the doV. Or, if the door is fixed in position (i.e., the 

position x^,.€>T-its center line is fixed, saj. x = x^^) but its width Ax ; varies, 

then the prbb'Rb^pity of hitting it varies directly ag its width. . So^ we 'take '^^-^ 

it that for a vertical strip whose <;enter line Is x ^j^^^-'***^ ' ' ^' 

- ^ 



* .r ^, 



where " is a constant with, respect to Ax. 

But, although the ''constant of proportionality" is iMependent of \h^ 
w^dth Ax of the vertical strip, it is obviously not independept of the-posi- } 
tion of the strip (i.e., the x value of its center line). Consider, for ' 
example, a bam with' two doors of the same size. Surely the chances of hitting J 
the one we aim at, straight in frOnt of us, is greater than that of the o®ier. 
The farther "to the side the other is, the smaller its chance ofTbeing hit. * Thus, 
reminiscent of (1) ^and (2) of the - last ' section we will have • ^ 



1^5 * ' 

' F{x^, Ax) = • Ax ' _ , 

F(x^, Ax) = • Ax ^ ' . ^ 

exemplifying the pattern, , 

P(x , Ax) = k • Ax 
• * 

where k^^ . although unchanged by changes in Ax^ is dependent upon^ i,e,^ is 

a function of. x • In short, 

\ t . • 

P(x, Ax) = f(x) . Ax • 

Suppose a barn to have three doors of the same size^ the one to the left and the 
one to the right being equidistant from-*fee one straight ahead of us. Surely' ' 
the chance (when aiming ai*t]^ middlie* one ) 6f hitting the one on the left is ""^q 
sam^ as that of hitting the one on theVight. IJie chances of a "left" error are 
the 4isanie as those of an e^ual "right" eiror. Mathematically, 

P{x, Ajc) =; P(-x, AxJ . ' / ^ 

Ifence, by (3), • ' 

. F(xr= F(-x) ; ' 

that is, F(x) is' a symmetrical' function. 

- ' • • • 

2 2 

Since (x) = (-x) , clearly the simplest unspecified symmetrical function 

2 • ' - . 1| 

is f(x ). 'There is, for example, no gain in generality in taking f(x }, or 

f(x^), - for these are also of the^/oj^ f(X^) *with X = x^, xfe x^, respec- 

-tively. Thus (^) becomes of the form ' , 

' P(x,*Ajc) = f(x^) • Ax ^ {h) 

which Indicates, for escample, that the probability of a ii^in the left-sicje , 
strip Fig» 5 is the same as that of a hit in the^ right-side strip. 

The next question: "P(y> A/)? Again compare Fig. 2(2) with Fig. 2(l). 
, What differences are there? If x = y. Ax = ZJy, the strips are of the same 
size and at the same distance from 0. The only difference is that of 4i3:ection; 
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1^ 



' the one Is above/ the other to the right of^ o. And what role does difference 
play? We are agreed that a hit^^say) 3 inches left of center has thfe same 
probability as a' hit 3 inches right of center; is a hit 3 inches above center 
•more likely than 3 inches below center? Right of center was given nd preference 
.over left of center; why should above center be given preference over below 
center? It is natural to. consider them-pquiprobabie . This leads to another 
question: Is a hit 3' inches to right of Center more likely than^ say^ 3 inches 
above.centev? Consider the circle of radius 3 Inches with center 0^ illus- 
trated by Fig. \. 




In Tiring at 0 (the Imediate n'eighborhood^^of)^ which point ^on this circle 
has th^^eatest^robability of being hit? ^Has the point at 'il o'xjlock" more 



;eric 



or l^s probability than that at "2"o» clock"? We st^pose"the probability of hits . 
at any two points on a circle to equiprobablej '.no direction is supposed tof • 
have preference . ' • ' ' < , \ ' , ^'".i^ 



hi 



Ditection being considered irreleva:nt, it follows that the strips of » 
2(1), 2(2) (with X = y, Ax = Ay) are not only of the same size and at the 
s^ distance from 0^ also they kre similarly situated vithrrespect to 0 in 
the probabilistic senses Thus* P(y, ^) is determined by precisely the same 
function as P(x, Ax). So, by (h) 



P(y, Ay) = f(y ) - Ay 



(5) 



and hence ty (1) 



(6) 



At this stage Maxwell displays his ingenuity. He introduces a rotation of- 
axes, '^See Fig*^, 5, 




His ingenuity is that the ordinate of H *lative to the new kxes is zero, for 

• \ * 

lies on the |-.axis, H(x,y) relative to the old akes is H(|,0) relative 

! . ' ' * ' \ 

to the new. And since the probability of a hit within the neighborhood, of a 
point is independent of the direction of the axes <*to which i3t, is referred, the 
proba^bility^'of a hit within the immediate neighborhood of H Is given by 



j P(|,0, A|, ATI) ='fH^) '{fiO) ATI \ 



, as well as by! (6)^ Prom (6), (7), we (have, 



r: 



1-* 



\ f(x2) . f(y^)-. Ax • As^ ;= f(l^)4,f(o) A I -An 



and since the 'immediate neighbprhood of H is described botli by Ax' • zV and 
by A5 • Ai] / tllese terms cancel out, and Ijnply t^t r ^ - 
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2 '2 2 
5y Pythagoras' Theorem,, | = x + y , so 



f(x^) • f(y^) = f(o) . f(x2' + V^) 



(8) is a functional equation of the form 

.f(a) • f(b) = K.- f(a'+ b) ' ' ^ 



(8) 



0)' 



where f(0) = K. Here we may indulge in wishful, thirOcing, for we recall that the 
functional equation for the law of growth is of the form 



f(a) . f(b) = f(a + b) 



(ao) 



If K were equal, to 1, then the law of errors would have the same form of 
functional equation as the law of groi^h, and consequently the solution of (8), 
would likewise be an ^;;q>onential function. ^ 

It turns but that (8) can be reduced to the form (10). Ve^put 



*so that 



f(x2) = f(0) •,g(x2) 

f(y^) = f(o) • g(y^) 




Substituting in (B) . ^ ^ ' , ' ' * 

tfCO) • ^(x^)] • [f(0) • ^(y^)] = f(0) . [f(o) • g(xf + y^)]. 

' ' . '■ . ' i . "'^ •■ 
Dividing by . [f (O) ] , we obtain, , • ; • - 

2v ' / 2, 



-r 



g(x^) : g(y ) = g(x + yj ; 



the functional equation of the law of growth* Consequently 



l.e.> 

so that 
and, by (k) 



k9 



W-a^ 



f(x^) =f(0) a^ 



P(x, dx) = f(0) • a^ • 



' And finally, for "brevit;^,, putting f(o) = A, 



9 



P(x, ^) = A ' & 



i 



This conrpletes -Maxvell's derivation of Gaizss* famous law of errors. 

We discuss this law briefly. Since the chance of a large deflection is 
obviously smaller thaa the chance of a small deflection, a < 1. Plotting a^ 
as a function X, we obtain a bell- shaped curve typical* of symmetrically 
deviated errors. See Fig. 6. y , . - 




This *is thfe starting jjoint for '^the development of the whole theory of the error 
of combirtations 4)f observations. , ' 

■ • ' ' ' 'H 

2^.5 ^iffe:rential Versus Functional Equations . ' W ^ 

^ Generally spqaking, scientific raws are deduced from differential, rather 
than functional, equations. Why? Differential equations are easy to set up; ^ 
4:hey are the mathematical answer to: What is the instantaneous change Of a given 
state?. Functional equations are hatrd to 'come by;" of ten, genius is required to 
. find theni*% I would prefer to use differential equations; your, students cannot. * 
In consequence, my hands are tied; so, let us see what else we can do with the 
functional variety.- - , ' • ^ # - . 



i 
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The Problem of Predicting Population Grovth . 

What Is the. law of Increase of human population? The simplest, plausible 

* \ • th 

assumption is thatHhe nimiber of people oi^nhe (n + 1) generation, x ^, • 

, * , , "* n+1 

wlll,be directly proportional jbo the n^^, x^. Symbolically, ; ^ 



n+1 ^ n • * 

On this basis, if x^^ is the population of the first' generation considered, the 
poi5ulation of successive generations will be 



. . X,, qx,, q X,, q^x 



n-l 



so- that . ,\ " ^ ' \ ' ' 

'v . ' ' ^ 

If* q > 1, the^populatlon is increasing. Again we have exponential law. 

This formula was st'ated'ln words by M^thus (1766-185^^.): p{>pulatlons 
of countries Increase in geometric ratio. It is interesting to note that Malthus 
was led to his formulation by inspection -of the census records of the American 
people, which showe4 a-doubllng^of population every 50 years. His stat^nt, ' ^ 
slint)le as it is, crude' as >t is, ha^ a tremendo^s^i^frluence on the whole of 
slDcial philosophy in the l9th cer^tujfy, ' / • . 

Hie social philosophers of the French^ Revolution argued that it wag map-' 
klnd^s duty.to ease the hardship of the poor, and to abolish pestilence^* plague, 
famine, a;id >7ar, so that everyone could live happily till death of old age . 
Malthus , thought this vlew^gre^tly mistaken. What would happen with neither - 

pestilence nor plague, ^Ith neither famine nor fwar? -The pbpulatlon, increasing 

>, ' . ^ 

in geometrical ratlOj^ would in a few years, he argued, becofflfe sor^vast^that the* 

earth could not feed it. The Manchester industrialists ueed this argument "to^ 

prop up their policy of free entei^rlse, to increase trade while leaving the ^ 

world *at large to sort itself out.^ Inhere ct>uld be ifio obligation t^ better the 

^lot of the poor nor atte'mpt to prevent famine or wars for these thtffigs /if 'evils, 

were evils necessary to prevent overpopulation^ Maltlftf^ law became the arlth- 



g|^^"ietlc^of .htttnan misery • 
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Darwih also thought about the consequences of a population increasing 
geometrically* For him »the problem ha<i. a wider context* was as much, if not 
nl(are^ interested in the increase of a^^colony; of sea birds as in the Manchest^^ 
birth rate* What,^'e asked, controls ^population? The dinosaurus has long been 
extinpt; the whale h^s ^urvived; Ultimately, he gave an answer;" his theory of. 
natur^j. selection. There followed his theory of evolution of species. What is 
man* obligation to man? Is one to succor or to starve one's neighbor? The 
fall of the Bastille and the dark Satanic mills gave contradictory answers. . By 
the middle of the last century even some indus.trialists began to questi6n whether 
the evil of overworked and underpaid factoaj. hands, living^ underfed in over- 
crowded slums^was a necessary evil. Couldn * t . there^^be a better arithmetic? 

<Se Belgian socioJ.ogist^ Verhulst^ made an iinof)ortant Observation*. Catas- 
♦trophies, iTars, and plagues have occurred from ^time^to time^ nc^ all the time. * 
*Betwe.e« any two successive catastropjiies there, was a period o^^Jbranquility, say, 
typically, that of two or three generations. This period, had. the law of increase 

baen geometrical, would have 'given" the j)opul'at ion ample time to regain and, surf 

, V ■ ' 

pass, before the next catastroph^^ its size before"' the Idst. Wq y.lustrate yith 



o 




ft ^'S o 

succ^s2,ve gene!rations«- n ' ^ 



,JBut mankind lias inhabited the earth for thousands Qf years,' that although we 
do not know the value t)f n, where x is the present (n generation) popula- 
tion,. we dS"*know that n is large. With h large, and "the populatioA before 
imminent catastrophe greater tijan th^t before the previous one; surely the world 
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would now be qve^c^owd^^ Verhjilst concluded^ that the geometric law does not 
give a' corre'ct account) of the facts. 

Discontent with pe old ar|.thinetic was the first step tow^Jx-ds the} new, 
^ Verhul^ replaces 

a) 



by 



n+1 ^ 




2 - P ( 

What is the effect of -r • x^? The lai-ger^ becomes^ .the larger x Vbecomes 

relative to x^, so that the larger the. population the greater the braking 
2 ' • 

effect of -r • x on its rate of growth, A vast population can*only increase 
' very slowly. To say that -r x^ is a "slowing up" fact^ is to describe i:t ^ 
in terms of its 'consequences; Vejthulst did better. His factor is the outcome 
of a more painstaking analysis of population growth; he described it in terms 
'Of what causes the^lowi-ng, up:, competition, 

" ^ . * / ; 

* , Man^s activities are of two kinds, cooperative and competitive, A marriage 
is -yie outcome of successful competition by a man against other men for a womani* 
a child is the outcome of successful cooperation by.' a man with a'wom&n, fkrm- 
ers and biochemists cooperate to produce greater ""yields of wheat; bankers an& 
bank robbers compete for 'the customers' deposits. Soldiers cooperate armies 
tp compete against other soldlers'.copperating as armies./ .Verhulst. took t^ie ? ' 
view that In the main cooperatfon tends to incjtease, and competition tends ta 
defci^ease^ "£he population. * * ' • * 

How is the intensity of the struggle for family Existence to l)e measured? 

^ Coiiipetition occurs Vhetn each of two^or more 'people wants exclusively the same 

thing, ^When, for example, two mairied men Vant homes, and only one house *is 

available,,' WHat* is the probability that two nfen of a population x- both want 

✓ i ' n ' 

• / p 

the .same house? If p is the probability of either wanting ,it, p Is the 

probability lOf both -wanting it. But th^* larger x the greater the chances ^ 

j-^ a man wanting it., IJiat to double, x woiad be to double p is a plausible 

jC- » / •/ ■ 58 : . • • 



sui>positfion. ^Yet/ if -p is directly proportional to x , then p^ is directly 

priportionai to. x^. Thus it is not tuireasonable to take r • as admeasure 

■ < j / ' ^ ^ ^ ^ ^ ^ i 

QfUhe competition • 

If discerning^ you may observe that we have neglected ^to add. a coinpetition 
fa,ctor -rj_ . x^^ thjt fo^ three coirgpetitors^ and a factor -r^ • x^^, that for 
four conjpetitors^ and so <gn, . But it is useless to set up equations which 

completely fit a situation if this leaves us with mathematics too difficult to 
handle. In applying mathematics . to reality there is always a compromise: by 
introducing an element of idealization^ or by ignoring less important factors^ 
what is too complex Is reduced to what is manageable. Often/ the proper question 
is not/'li a given formula dead accurate?" tut rather^ »ls it a sufficiently good 
approxlnation ?or the present investigationf'. Is (5) adequate for population 
•investigation? I am anxious to answer this question^ for in so doing I shall 
4i^ve opportunity^ to exemplify that quite intricate problems can ^e dealt with by 
mere high school mathematics, 

^ ' ' • ^ p 

If r = 0^ the competition factdr '-r . = 0;^^ and , we,-^f ind ourselves 

, considering a s6^i^*^^th the tranquility of lotus-eaters. With no competition 
^3) reduces to^^)/ so >that (3) is^ beljter formula • in the sense of' including ' 
(i) as a limiting "ca-se. ^ TuiMi fromi the .feranqviility- o/ evei^e lotus-e4ting to 
the desperation of s6S5-flot *^ating at all', ;we all know what happens if sqomp&ti 
tlqp is^so severe that there^are more hands than J^bbs^ and more mouths tQ,fee4. 
tHaA fqod to feed them: lif^J^sj^sty^ brutal^ and for many^ short, ^at • 
\+l ^^^^ smaller than x^ is obvious, 33ut^ what answer does (5) -give? - 
We vrlte it in the form * 

• n, /.> 

This form makes it clear that wheri^ for any given q^ x^ is specified^ we can 



select r such^-tllat - r) is ^arbitrarily^ small. Cons^ently x \ can 

* Xi ' ' ^ ^ nTi 

be 'made ^as small -as we please and^'a fraction^ less than x^. But there is no 

Immediate ^answer to the question: Does <3) also give y^^^^ correctly? 
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Unfoirtlmately^ 



2 / q V 

X o = X . , (— r) 

n+2 vn+1 X 3^ 



* where the 'previous factor (— ^ r) is now replaced by ( — r) . The dif- 

. ^n+1 « 

ficUlty is that the denominator of q has been changed. Since x^^^ < x^, it 

follows that the factor ( — ^ - r) > (— - r), but this is, of itself, in- 

n+1 . n 

sufficient to determine If x , ^ < x , t . 

n+2^ n+i ^ *^ 

However, that 7(5) can be uso^ to describe correctly the population at 
least one generation ahead in extreme states' of society gives us ^ome expectation 
that it will serve far ahead in intermediate states, neither completely tran- 

r " - 

quil nor tho.roughly brutal. At ^least it does merit more systematic examination. 

First we further reconcile Ithe complex with the manageable. -For interme- 
diate states o*f society the change i|i population from one generation tq^the next 
will be so s^ow that x^ ♦ x^^^ will be good approximation to x^. Con-/ 
seG[uently, we may consider - . , 

instfead'of without introducing any really significant change. in* the popula-^- 

tion lav. {h) is preferable^ as t^his makes for,jnuch easier mathematics. 

(i|.)'vis a mixed equation; ^^^i occurs on both sides of the equation^ 

Makdng ^ x the subject of the formula, we Jiave , . - * * - ' • 
♦ ^ n+1 - - - ^ ^ - 

^n+1 1 + rx n - - J 

n ' < v'^ 

* We observe that whereas with Malthus* law rx^ has a factor q, with (vha-f; is 

essentially) Verhul'st's law the factor is the growth factor is no 

n . • > ' ' 

longer a consotaht, but depends on x^. The longer x^ becomes, the ismaller^he 

gi:owth factor. The population i^ self -regulating; overpopulation is prevent6sL. 

Verhulst's law echoes ^hia original observation. ^ ^ 

Our problem is to find x^^^ in terms, of x-j^. With Malthas' law this . 

as easy. Indeed, the textbooks are crammed so full' with geometrical \ 
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progressions that t'he student is apt to suppose there are no other Y^^ieties, 
Real problems^ alas, seldom have the neat aid obvious form of school exercisesj 
to the contrary^ they often come in ugly an! hidden forms. Hor to ^transform 
the latter into the former is an essential part of the art of doing mathematics 
Although the student cannot reasonably be ejcpected to have the fore;^kght to see 
that (5) is in essence geometrical, he can reasonably be required to have the 

hindsight. . ^, * i ' 

I ! * ' 

^ 'Taking reci$)rocals in (5), ' / ^ ^ ' ^ 

« . ' 

T ■ 1 + rx , 

= H = i . ^ +,I . 

\ 

That the recip^-ocals^ x^^^, x^ satisfy a simpler law, invites the^ sub- 



stitutions 



which give 



4 , n+1 , , n 



^n+l q -n q ^ 



But for the constant term we would have the form. of Mai thus' law THp -thnyrahi^ ' 
- - • i . V ^ ,^.J.^J>^' -i^ * ^ - xnougnx^ ^ 

is father of the wish. Substituting ' • 

where a is an arbitrary constant) vef-have, 



SO that, ' 



Since a is an arbitrary constant, we are at liberty to give it whatever spec- 
ification ve please, ^t we wish' the constant tei^ of the equation to b(e zerojf * 
accordingly, it pleases us to^ define a liy \ , ^ \ 



i.e.. such that- 

a + r = qa 



which gives 



T I 

Of = , ^ provided q t< 1 . 



.e 



The condition that q > 1 merely implies that when t .= 0, i.e., when there 
is ^ competition, the population is increasing. This supposition is accepiabL 
and meets the proviso that q f 1. Consequently, we take a to be ' . and 
infer that - : 

Vi i • \ . • ' . ( ^^) ^ v 

We have transformed the form of Verhulst's law to that of Malthus'; the laws 
themselves are, of course, distinct. » 

Since (6) is of the same form as (1), we have, as an analogue of ' (6). 

.... . V. Vl • 1l- ^ (^i;.'- 

It 2*^iris lU^rely to ^reverse our tranSf ormat iofis td oWain x , asr a fujicxion 
of x^. There is a gain of notational compactness "by delayjfng the substitution 
for a until the end// ' - . 

" ^7 -5U^sV-we-go. b^cH from^the. i^^'-s tothe.,|»s. Since ^ "-^-^?"7.r<; — 

* i ' ' 

. ' ^n+l ■= Vl « • 

♦ " - • 

by (7) ' • ' ■ 



Second', we' go back* from, the to the x*s. Since, 



^n+1 " X * ^1 ~ X ^ 

^n+1 ^1 

# • ' . 

we have, , ^ ' - ' 

- + (q -Da , ^ (^n.^)^ 

X - ~ n ~^ ~ n 

n+1 q *- <1 » 



and talcing reciprocals', 



n 

\+i = — ^ 



1 + (q"- l)a ^ ■ 

Filially, since \^ 



a 



q - 1 ' 



. we ^ have. 



■ n • 

^ • • ■ X • = ^ ' . X, . (8) . . • 

. "■'•I , (q"-l) 1 • • 

Coimnpn pruder^pe demands some check on our wof£. Substituting n = 1 
in (8), we Jiave"^" ' ' * ' . - ' ^ " 

^ " 1- + rx^ ^1 ; ' ' ' 

.The sajne substitution in (5) gives ^e same result • It checks. 

^ 3y a judicious use of the fact that (2) is a consequence of (1), we have 

deduced a formu^ for ^^^^2. ^^^^ subject tp Verh\xlst*s law,' in terms of 

x^, q, and r. What is its significance? We suppose q greater thaf^, but 

close to, I, ahd r very small "indeed. ^ ' ^ 

Plrst we investigate the consequences of n bejjig %mall also. Since 
* "n . ^ , , , 

O * ' = ! + <! + + ^^i^ n (q « 1) , ' * > 



• rx^ will be small compared with unity when n is small. Thus, wj^h- 
out cKsa?ge of gross-' neglect we can ignore 'the second term of the denominator of 



(8) when considering the first few generations. We have 



n+1 ^ 



i.e., that Verhulst's law approximates to Malthus'. 

Next we investigate the consequences of large n. "When n is large a^nd 

^ n 
i « n that - 

^ - 1 ' • q 

unity. ' So without ^oss neglect we may ignore the first* term of the denominator 
of *(8), giving 



» ^1 1 

q > I, it follows from ^ « n that ^ [ rx^ is darge compared with 



(q^-l) .,(^)x, "^qf-1 ^ • 



But, with q > 1, the larger ji is, the larger v q ' arid the nearer -S— 

q -1 



t» 



^ '1. Conse(juently, the nearer ' x^^^ to -2=1-. Yet in neglecting the first term 

of the denominator, we overestimate x^^^, -so thai no matter for how many gen- 

erations the population continues it will not exceed Observe that this 

» " ' r 

,' upper limit to the size of x is independent of the size of the original 



populat i^ '''''-2cr>^lgn ' t this astonishing? 

'I!he'^l^h of (8), knowiras~tli&-±^ 
by Pig. 8, ,^- : ){r 



tic 01^ flying S cu2rve is illustrated 



>rr: 
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Fig. 8 

How, in actual jJractice, da we apply (8) ^o predict the ^population of, 
say, the United States, a decade oy a century hence? (8) gives the number of, 
pe9ple who belong to the' (n+1) generation^ ^+1^ tems of the number of 
people who belciig to the first generation considered,' x, . . But how long an 

V 
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interval is there between one generatiV)n and the next?^ Every mi-nute several , 
people die. and several'are ,]Dorn, Who belongs to the present generation? To be 
^precise '*the present generation" refers J:o an overlapping of many generations, 
those generated in the years 1900, 1901, 1962, 1920, 1921, among others (if ^s till 
siarviving) . As statistics are usually taken on a yearly basis^ it is convenient 
to aonsider the population in successive years as successive gen'erations, to 

• fake X, as the popui^ion for the first year considered and x that n 

-J- • ^ . • n4-i 

years later. ' '"^ 

Let us take 1959 as the first year and obtain the actual figures for x^, 
x^, and Xy the' population of the U*S. in 1959^ I960, and 196l,' fro^ the 
available table of population statistics . , Substituting the figures for x, and 

3 1 

x^ in (8), we obtain a first equation relating q and r; substituting the 
figures for and x^, ve obtain a second. We now have two equations in the 

two unknowns, q and r, sufficient to determine them. (8) has been tailored 

to fit the facts^ the growth coefficient q and the competitive^ coefficient r 

'J 

are chosen so as to describe correctly the recent ^population history of the U.S. 
vcf in (8) we vrite the figures for q, r, and x, , our formula i^ ready for 
use'. Substituting n 5, we predict i;he population for 1962; ^ substituting 
n^^%y 've predict that for I965. ' ' ^ . ^ , _ 

^ Would it be rash to take the result of substituting n = 100 as more' than 
a very* tentative prediction of the population for the year 2059? ICypically, 
growth and competition remain steady, so that a formula that has accurately 
described the last two years may reasonably be expected to describe the next 

two. But over the 'span of a 'century ^the growth and competitive factors have 

* * ' ' ' @ 

more time in which to alter, so that the long term prediction sho.uld be more. 

' • " ' ^1 

cautiously regarded. 

We have seen that three successive years* statistics are sufficient to 

* <■ * * 

-det-ermine q and r'. Ifed we used all t,he statistics, of the last decade, the 
eight''^eriods*1952T5>, 1953-55, 195^-56, ... ,1959-61. would have giv^n us eight 
determinations q and, eight of r. Had thfese differed in. the la;5t decimal 

. . ' 65 ■ • 
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place^or two we would have struck the typical figure which would give the best 
overall description of the decade. What fits the facts for the last ten years 
is surely more likely to fit the next^ hundred than that which fitted mefeXy the 
last two. 

^ Is Verhvilst^s formula reliable? Around about I850 he mad^^a careful pop- 
ulation study of several European countries -and^ojf the United States. |ie,used • 
his law to predict their populations as far ahpad,as a'centiary.* Some of his ' 
predictions are famous, and Justly so. For example, he calculated that Frai^e 
woxold reach a jnaximum population of ko million in 1921; the event proved him 
corrects Despite the^^^vil War, prediction for the U.S. population in I9h0 
was less than a million out^ But ironically, his law^applied to his own country, j 
Belgium,' did not work, -Belgium's population ciirve for the century is given by 
Fig-. 9» ' * * • 




Fig., 9 

How did Verhulst^s prediction go wrong? Belgium switched from agriculture ^ 
_ to" industry and iolonized the Congo. This^, distinct, sociological change j)ey- 
manently altered the growth and conrpeti£ion coefficients. His application 
• , of his law continued t« describe the growth of Belgium as agricultural when it 
was in fact industrial. Observe that the Belgian population cxnne is a com- 
bination of the parts of two S-cjirves, the earlier with a^icultural, and the 
later with industrial, cpndit ions obtaining. How then, it may well be asked, 
• fwas his prediction for the United States successful despite the Civil War? Of 

course, Verhulst could not know that the Civil War was going to break out a de- ,^ 

\ - ' ' . \ . 

cade or so after he made his population analysis and so he could not take the ^ 
^ '^hanged values of the growth and competition coefficients into account. The 

- ^ 66 , 
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point is that thes§ changes of coefficient^, unlike those due to a swi*tch from 
agriculture to industry in Belgium, were mereliy temporary : soon after the Civil 



War his coefficients w^e again accurately des^criptive. With people killed in 

the war his I865 population estimate^was high, but his^ estimate and the actual 

1 . 

population of that time "both-have growths asymptotic to J[n thfe long run 

his prediction would have beer^orrect; the run tq, 19^10 was long enough 'for it 
to be correct. Vithin 1 million. • ; ^ ^ ' 

* 

As promised, I have shown you that quite intricate results can be obtained 

I • . • 

^ith^ut using differential equations* Actually V formula fo;r x^_^^ for any 
specified n ' can 'be obtained from (5) by^^usi^only the very simplest of 'al- 
gebra* Putting' n'= 1, 2, successively, we have 

Q 

q ' _ ^ 

^ " 1* + rx, "^1' "^3 = 1 + rxo ^ 



so that 



^ qx, 1 + rx, 1 

1 + r(^) ^ 
^1+rx' % 



Multiplying numerator and denominator of ri^t side by 1 + rx^ , 

- •/ _ q > . - q 

^ il+rx^;' + r(qx^) * ''i " 1 + (q+l)rk^ v^x^.^ 1- ^^.^ 

\ . 

^i^Pcee din^ ^in^th^^^^ vay x^, x^,^ caxi bfe .obtained ^^9m ^^^-...We go step by 
step along an^adventurous path to find where it leads us. After patient travel 
the way the road rtins being clearly discerned, the more ambitious student may 
-prove the formula ^f or x^_^^ by mathematical induction* 

^•5 Cusanus * s Recursive fbrmula for jt. * • , c» 

V/hen, as in the last sfection, x^, ^ a member of a sequence, is defined in 
terms of earlier members of the sequence,^ it is said to be defined recursiveljr^; 
This terminqlogy , acknowledges descriptively^ that the sequence- refers b^ck to 
iisself; it ^s, so to speak, a gnake biting its own, tail*. " 



We now consider one of the most elegant recursive formulae in mathematics, 

namely that giyen "by Cusanus (li+01*-64) in about Even though it. was* the ^ 

* i * 

first to facilitate the calculation of n "better than Archimedes^ formula/ it 

*■ \ 

is not widely known. Already more than five hundre>d years old, perhaps it is 

' too modern for the "modernists." With this formula we have a hint that t'here- 

^ * 

was, contrary to popular historical misconception, tremendous intellectual activ- 
ity "before theJRenaissance . Despite what the history "books fail^to say,^ without 
Cusanus and^is ilk Galileo andt Newton could not have inherited the groundwork 
they did in fact inherit, 

Cusanus' calculation of rt . It really' is obvious that if a Regular poly- 

■ . . ' \ ■ 

gon of perimeter p is circu3ai^ri"bed "by a circle of radius R -then th^^^more 

numerous the sides of the polygon the closer the approximation of p to 2nR "Y^ 

p 't ' ' ' 

and to jt. Surely thousands^ of persons "before and since Archimedes must 

have thought of -this> yet how many have found a method of effeptively exploiting 

it* to calculate n? Archiraede©-- considered an, unending sequence of regular poly- 

gons, each polygon with more sides than its predecessor, each circuxnscri"bed "by 

the s3m? circle; Cusanus considered an unending sequence of regular* polygons, 

each polygon with more sides than its pre<fecessor,*hut all of the same perimeter 

and therefore circi;unscri"bed^y different^circles . Whereas Archimedes found the 

limit of p -wiih-^'congtant R, fCusani^s found the limit of R with constant^ p. 

. ^^-^ - . - - ■ : - - V 

Both methgdi are elegant. Encourage the student who finds Cusahui '/eiegance 
-^^^^ ye ' : ^ 

exciting to study ]&r chime des ' ^r himself. ^ . ^ ^ • 

How, specifically, did Cusanus exploit his idea? ''He did so inj:he foliow- 
ing^way. Prom u giyen circle C, of radius .r, circumscribing a regular poly- 



gon of >'m sides and pefH^er k, anothij^ circle "Cp * of radius cir- 
cumscrihing a regular polygon of double the number of sides,' but with the same 
per£i!^ter, is co^jstructek. 5y repetition of the procedure 'n timeis .there, 
obtains a sequence of circles * ' >^^^^} of ^radii r^, r^, Vy 

.^.,r circtoscribing regular polygons with constant perimeter k, of 

m, 2m, 2 m, ...,2 m sides, respectively. It is intuii^ively clear that , 



,(Since ve are now considering a sequence of circles of constant perimeter we 
J ,, us"e the letter in preference to ' p^) The real problem, of course, is to' 
determine r^^^. ihe way in ^hich^ Cp is constructed from determines the\ 

- relation "between r^ and r^. But £^ is constructed from *as from' 
C-j^ so that . r^' has the same relation to r^ ^r^ .to r^, and for similars^ 
reasons" r^^ has the same relation to r^ as r^ ha^ to, r^. Thus r^^ "can 
ie determined in terms of while r^ 'can be determined in terms of* r^, * 
,and r^ in terras of r^, so that finally r^^ . can be determined in terms of 
r^. More generally, r^'^^ is determined in terms of r^, which in turn is ' 
'determined in terms of its sequential predecessor, wHich in turn ... , so * 
• that finally r^_^^ is 'determined in terms pf r^. The formula is recursive. 
Now for the details., What, specifically, is the yelation between 
and r^? Pig. 10 illustrates tbe essentials of what we are given: the m-sided 
circumscribed polygon being Vegulaf, it is sufficient to consider ju3% one of' 
its sides. I 



■6k. 



We make the construction illustral5ed"by "Pig. 11. 

r 




-I % N 

Fig. 11 

Since, as Euclid tells us,, angle' sub"tended at circumference is one-half ' 
^ngle. subtended at center, * ' * - 



Consequently 2in such^ triangles as fit together to form a regular 



pplygon with perimeter 2m x B^B,S -T^hi eh is circumscribible by a. circle C* 
with center and (s^y) radius i^. Fig. 12* illustrates the essentials. 

Retaining as center we now shrink Fig. 12 to half size. We now have a 

circle C2_circumspribing a regular polygon with the same perimeter as, but . * 
twice tfie.numb^ of sides of, that circumscribed by C^^. See Fig. 15 . Compare 
Jig. 13 with Fig. 10.' ' - , . * - . . 
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The problem is to find r in terms of r, . To do this we first consider 
^ . 2 1 

' the geometry of Fig. 11. Since, as Thales tells us, the angle included in a' 
semicircle is a right angle, A^B^E is a right angle , (it is sutStended at' the 
circumference of by diameter A^E). Thus triangles A^B^E, AgB^D^ are 
'both right triangles <the latter is right angled at D,) and Additionally -have 
a common Angle B^A^E, therefore these triangles are siinilar, and consequently 
their corresponding sides are proportional, so that 

^ . . ■ . . . . ■ 

l»e., - ... * . - . ' ' • , , ' .... 



r * 
2 



Thus 



(rg*)^ = 2r^ . h. 




(1) 



' rt^* V. ^" ""^"■^i^sd bedfellow and is. speedily to be replaced. ♦ ^ 

■SIS- . . . " ■ ,..72 :■ • . .;. ;: 



i.e., -h^* = +\ . • ^ (2) 

We have related the measurements *of Fig. 10 to those of Fig- 12; we wish 
to relate "them to those of Fig. 13 • But Fig- 13 vas obtained from Fig.- 12 "by 
reducing everything to half size, so that 



Hence, from (2) we have 



and from (1), 



SO that , r, 



This derivation discloses our motive for using a star notation: to emphasise the 



transitory role of r^* and h^-* 

(5) and {k) givfe r^ in tenns of r^^ (and h^) . The intruslon^of the - 

'fi'§ .is an incidental complexity that must not be permitted *to ob^cjire the 

leading idea;* in specifying the relation between and r, (and h- ) we 

have reached the heart of the matter. In repeating our procedure to obtain 

from as vas obtained from C^, ' will have the same relation to 

• ' ^< ^ ^ 

r^ as r^ Ws to r^, ^vand In obtaining C^^ from Cy will have the same 



relation to ' as r, has to' r^ and has to r, . Consequently, for 

/ • ^ ^ V ^ » ' *n 

, - ' , ' ' % 

C ire have ^ • 

n+L • ' , 

• «r+h 
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(6) 



... }i 

l^t us recapitulate. -To avoid^the verbosity of saying that is the 

altitude of any triangle whose vertex is^the center- of C and whose base is 

J, one of the sld^ of the regular polygon circumscribed by C^^ let us refer to 

h as the altitude of C . Then^ if C, is a circle of radiua r^ and al- 
ii n ^ ± j_ 

fitude h^ ^circumscribing a regular polygon of m sides^ and perimeter 
by repeating times the process cons^Ldered above we form a' sequence of circiles 
C-L^ C^, ^y"'^%+i Of radii r^ r^, r^^-'-^r^+p (and altitudes 4^ ^5,^ 

•"'•'^n+l^ circumscribing regular polygons of m^ am, 2^m, . . .^2% sides^ 

respectively, where h^^^, r^^^ satisfy (5^, (6), for n = 0, 1, 2y...,n/ 

k \ ' 

To calculate^ jt, i.e., it merely remain S;^ to determine where 

R = lim It is convenient to take Cj_ as circumscribing a regular hex- 



agon 



'i.e., to take m '= 6, and t^ take r^ = 1. See. Pig. Ik. 



* / ' \ » / ' \ 

/ * \ / " \ 






W " /' 




\ \ ^ J 












.^Fig. 1^ 



« * - - 

Kere is evidently "the altitude of an equilateral triangle of. unit side/ 

^ Sy slinple calculation we find h^ = jhe reader is, now in a position to 
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calculate a sequence of successively "better approximations to R, and hence, 
tp 31. *^ ^ ' • 

This raises the , question of the accuracy of approximations. It really is 
intuitively obvious that as n increases the angle at the vertex of eacli' 
triangle constituting the regular polygon circumscribed by will get smaller 

and smaller, and tl\erefore r^ and h^ more and more nearly equal, giving . 

- " I " \ ^ 

lim r = lim h , 
n n ' 

n< CO n oo 



i»e., that r^ and h^ both converge to R» And since the hypotenuse is the 



greatest side of a right angle. 



r > h 
n n 



See Fig. 15- 




Fig. 1> 



Co;isidering the polygon, h^ Is the radius of the circle it inscribes and r^ 
.is the radius of 'the circle circumscribing it: ultimately, in the limit surely 
these circles coincide. Uius it seems reasonable ta suppose that r decreases, 
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h*^. increases and 



> R > h 
' n . n 



The astonishing thing is thalf we 'are, able to anticipate that, for example, 'for 



the ^eWn, with r^ = 1, and s^ perimeter k J 6, \the repeated applications, 
of (5) and (6) will converge to i.se., to . - , 
'We may add that neither Cusanus nor De^cartfes (I596-I650) (who.made exten- 
sive use of Cusanus' fonnulae) worried 'ov^nnuch' about convergence: they were - 
confident of their intuition. " " A 

With no more than an elementary knowledge of inequalities we can prove 

convergence. The crux of the^tter is that the difference between r and h 

I . n n 

gets smaller and smaller. But having the abhorrence for square-roots that ■ 

(Pythagoras had for bean eating, we wef er to consider the difference of r^ 
' o J ^ . n 



^ J 

5), h), 



and 

^ (5), |6) 



b^ut by (.5) 



2 2 ^ 

""n+l - ^n+1 = ^n^n+l 



r (h ^J. = r 
n^ n+1' n 



r + h ^\| 2 



so 










.■1 



















Thus 



and 




j,2 2 11,2 . 2^ 
''2 ^2 = ¥ (^1 - ^i)' 



L-ERIC 



76 ' 



SO that 

2 , 2 1 / '2 ^2n 
r3-h3=^(xv^-h^) 

I 

Proceeding in this way^ sufter 'n steps, ve*have_ 



But ,r the hypotenuse of the triangle is greater^ than .h- the altitu4e (see 

• \ 2 2 ' " ' ''^^^ 

Fig. 10), so*that r, - h, is positive and hence 



4 



Consequently^ r^ - h^ > 0, so by (5) 



and therefore 
V 



2_ n 

\^1>\ , ' <' . '(9) 



f 



Squaring (6) and dividing by " r^ • r^^^ 



3: , h , 
n+1 _ n+1 

r ~ r , 
n n+1 

bul^by (8) - , - 1 
so • 1 > 



r 
n 



Arithmetic confirins intuition. (9) shows that successive values of h 
increase (so that if there, exists an h < R), while (IQ) shows that 

successive values of r^ decrease (so that if ther^ exists an R, R < x^) ai 
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and 



(7) shows that if either or h^ converges then both converge to the same 

limit. Conjointly these results imply *fhat the3?e Is an R such that for all 

i . ' 

-n, h < R < r , and that 
' n n' , - * 

' ■■ . . . 

' lim h > R = lini r . * i 

n n 
^ n ~> 00 • , n ^ 

It 

Let*s "be specific. Talcing the hexagon as our initial polygon, with 
r^ = 1 and (consequently) h^ = , (T) 



n+l " ' n+1 , ^ i^n+1 



*so that 



- h 



1 



n^l ^ 



n+1 *, n+1 .n+l r^ , + h 

4 "h+l n'+l 

But, "by (9) h^^^ > h^ =y|/ and by (8) r^^^^ > h^^^ so that r 

•Vi>#4 - rf^ <Vj- — •' 

n+1 n+1 

Therefore, ' * . 

or - n , < — ir- . — • < — 

n+1 n+1 i^n+1 ► 4^***-^ 

That is to say that thel difference between the radii of tjie. cfrcumscribing and 
inscribed circles of the. polygon, obtained- after n steps from the initial hex- 
agon is < — -=-. Convergence is rapid. 

Since 2jtR = and in this example the perimeter of the hexagon is 6 

(as remarked earlier), R = — = ~, so that the successive values of h 

^ , ' 

increase to while the successive values of r decrease to it. That is^ 

•f-" ■ " : 

5 



h < ^ < r 

O n « n 



5 5 

so that ^ ' jt < , — < jt 

n • r 



9 . . 
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. Even the case n = 1 is interesting 

><.< -k. ■ . . 

i.e., • 5 < It < 2 /T« ^.k 

Siirely the reader will want to work out , n - 2, 3^ h (arid^maybe cJthers) for 
* himself. 

Finally, wi^h the suggestion that the reader take a second 'look at Fig* 
15 and t&e reminder that 

' ^ Him MJLi = 1 



he is urged to prove that in the general case the limit of r^ and the limit 



of h^, i » e . , is given by 



J 2 . . 2 



arc CQS — '^^^^ \s\ 



2.6 Arithmetic and Geometric Means , 

the arithmetic mean of a^, a^^ a^, ...^a^ is defined by 



a, + a-, + a^ + •••+. a 

M, = --^ ^ . ' 

A ' n 

the geometric mean of these quantities Is defined by 



Thus^^for exainple, (5) of the last^section s'tates that h^^-j^ is' the arithmetic 

jmean of r^ -.axid h^, while' (6) states that r^^^, is the geometric mean of 

r^. and h ; - , " 

nl n+1 

^If aUd^the quantities^ a^, k^, ay , ' are ^^»;,jeqMai then 
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and = nVa^-= alj_ ^ 



'A ~ n ~ 1 ^ G 
SO that =' If not all thi^^uantities are equal tl:^n M^^ > This is 



very Easily proved in^the simple case n = 2. For the two quantities a^ "b we 
xTiave 



therefore*' 



A Or <i > d 



I 

2 



"but ^ (Va - ^) > 0 unless a = b. Ttils proves the proposition. 



What are the uses of these means? ''if *'n independent measurements are 
made of the same quantity, if, for example, ^-^^^-^^ ^ 
numbers indefe^RjSttilx obtained for the distance of. the sun from the earth, then 
the arithmetic mean is the most reliable estimate. Gauss ^ argument to this ^ 
effect is well known. Less well known is his application of the geometric mean. 
"Thi^ follows. 



How is a weight W to be accurately determined by using badly made scales? 
How, for exaraople, with s'cales of which one arm is longer -than the other? We 
suppose that W, when placed in the right and left pans, counterbalances weights 
\> \> respectively. .What is the actual weight of W? Study -Figs. l6 and'l?. 



TT 



A 



w 



Pof"eq.uililDriiun in Pig. l6 we have 



Fig.. 16 



W. 



(1) 



• ^ Fig .^17- 



and for equilibrium in Fig. 17, - ' ^ 

. ^ ^ " d " 

- i^W- = ,i2W2 • ' - -^^^ 

Now we come to Gailsfe' important observation. Multiplying (r) by (2) 



SO' that 



Thus W is independent of the lengths of the arms. Use of the^ geometric mean 
rectifies this imprecision of the scales. 




4 i 

' ChsMpter 5. feffV^ple of' Mo^l 





mathematics in the construction of theor- 



ies in science, I wish to cbnsider the development of optics. 



i\\ Euclid* s Optics . ; c . * ^ * 

We tegin'with^ Euclid (c» 500 BC). Not unnaturally for a geometer, he . 

wished, as' doubtlessly had many geometers "before him, to apply 'geometry to optics. 
* ♦ > - 

Unlike the -others he was successful. Conceiving liglrt as propagated in straight 
lines enabled him toy^ipply geometry to optics, cfn second thoughts this state- 

ment cannot stand. Until Euclid had applied geometry^to optics there wa^, to 

1. 

^se the' Irish idiom, no such subject as optics. , lfowadays,when ysing diagrains* 

_ ■* <^ 

is an ingredient "of educated common ^ense, oC course it is obvitftis that light is " 

>■ propagated in straight. Unes . If^ ligh^ rays could not be'repres^ted by lines, 

optical phenomena could not be illustrated by diagrams. We, with the arrogance 

of hindsight^ cannot begin to understand Euclid's foresight in making his basic 

assertion- that light is.-rectilinearily propaga;ted. When the needle in the hay- 
' ' T ^ ^ 

,'$l3feck has been pointed* out to us, we ^are prone to suppose that finding it ir^s 

^^ * • ' , • - 

no problem at all. ^ * . , 

' Physical objects that more or less crudely appfpximate to strai^t lines : 

readilylcome to" mind, for example, a taut wire. But surely a shaft ^(Jf sunlight^ 

piercing '^'the shutters of a darkened room is singuXaCrly ap-t>^*^Isn*t this the per- 

feet example? ^/Euclid irtust have been well pleased with hit, observation. Yet 

/{ote that h3»^ basic assertion embraces metaphysical spec\ilatlon as well as 

physical observation. We see Only the shafts of light at whic^i we lo6kj we do not 

see the shafts with which we look. We cannot observe the rays with which we ob- 

^ serve, yet* Euclid claims all rays to be propagated in straight W.nes. Such meta- 

physica-L^^assumptions regarding -unobservables are acceptable in so far as they 
« • • ° • ^ 

faisi-iitate understanding of observables. Is his^^p&stulate obvious? Your answer 
depends upon how much or how iittle ypu think about it. " ^ ^ 
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Given that-|ay^f light are straight li^es, hovr-Euclid, askeS,- is\he ' 
direction- of a raj^triking the '.surface of a-pl.ne mirror'- related to that of" 
the reflected'ray? ' See Fig. ^ . . . 
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Fig. 1 

^is figure reduces optics to geoit'ry/ The line's " i^, „ represent 'the 
incident ray, the reflected ray, and the normal to the surface at the point of • 
incidence, Respectively, ^e angle a -o.tweeri incident ray and normal is termed 
the-angle of incidence, while the.angle ' , between/reflected ray and normal is 
temed the ^a^gle of reflection.'- What i^'th^-relation between & and a? '. ' 
- Euclid found by experiment ^that^^ plane dgt,ermined by 

-and n. ^us n, and in Fi(. 1 may be considered 'to lie in the plan^ 

-of the pa/er.- To determin.^ uniquely, it Um^ins 'to sp6cif>. p. " As the" . 
-result of mkny experiments Euclid found ^hat P ='a , "i.e., that angle.of r;. 
fWion i. equal to angle of incidence. 'tKIs is the famous' lav of reflection 

foraulated by him in his Optics > * i ^ ' ^ 

» '^though tMs law was basbd on a large- numbed of experiments we must">re- 
member that Gr.ek^technology .as rudimentary, .their measuring instruments im- . 
rPrg^ise, and thelT 
|,was precisely equiil 
by belief. He hel 



Plane^irrors [imperfect. What assurance had EuJlid that ^ 



•to a? ^He^ad the . comforting ^^c^urf^ of experiment backet 
L^^ a posiibly only half -artiiulate^t^ certainly dedp-s^atedf 
fbelief -about the- nature , of thfngs; that i^atu^e ii' not.lrtUitbusi - that hernial 
K ■ .wiiarhave simplicity and^ elegance, 'with the coiage o>conviciion h. asserted 
hi.law to^idexact3^^forp^f>e*ctlypia;,em_ Bcrt':^ny "of Llid's \ ' 

- ' ^^^^^'^--^^^^ ^^n-i^ e<iu4lly:courageLs,.^d_gra;e doubts,.. whethe J his law 
■ • . is right. Som.^#^dfffe.en^ metaphyl^ doubted whether there •cLJbe 3javs 
^5 ^nature at all f \ ^ - - " 



5»2 Heron : .Ihe ' Shortest Bath Principle . ^ - ' - . ^. 

Tq add grounds for belief we introduce Heron of Alexandria who lived a ^ . 
' ^* . • . * 

generation.'or so after Euclid. (His birth and death dates are uncertain.) A 
maj/who played a far greater role in the development of science than t\\^t 
usually ascribed in the textbooks, he built the first automaton, ipade 
the firs-t attempt at building a steam engine, developed trigonometry and applied, 
it extensively* A man with both feet on the groimd, he was «forever stressing 
tiie possibilities of applying mathematics. 

Q 

' f Heron gave a^ proof of Euclid's law of reflection. His proof consists of 
showing that 'both of Euclid's laws, that 

Li°ght is papi&gated^ rectilinearily 
Angle of Ref lect'ion = Angle^ of - Incidence 
- ar^ consequences of the 'principle' proposed by Heron himself, that 
«H Light, takes the »shortest patfej^ossible. 
Here we hav§ whatsis probably tlie first exa;iiple of the unifying trend, so charac- 
teristic of science. Surely either of l^F^ 'E^ could be ti^e without the other. 
t> Is it not perfe.ctly reasonable to conceive of light being propagated .an sti^aight 
lines without p = a , and c^fverseiy? But H could not be true without both 
being true. Whereas belief in the truth of both « E^, merely affords grounds 
for believing H^ believing H necessita-des believing both E^, E^. , Moreover, 
the iomplete fonnulatioh of E^ is complicated, while H^ like E^, is simple. . 



a dertairi kind 'tlfen twenty or two 



Is.M not easier Xo believe one statement o*f 

-■■f ' ~- ■ • ' 1 - ^ 

of %he same or a more complicated kind? It is in this sense that Heron "^oved" 
>I^Euclid's 'law- of reflection. | - * " * ^ ^ . - ^ 

I3ie proof that follows^, f]^om H Is o?)vious. Since the shortest "di's- ♦ 

tanSe between any two points A an^ B (in free space) is th6 strai^t lire 

^ ' ' \ ; ( • ' J' I ^ 

^ ''ths^t- joins them, light, in moving fil-om A i;o B by the shoVtest*<path 

' ' 0, , . .> ' • i ' ' ^ . ' 

possibi'e, is necessarily propagated r9cyLlinearily|. Fig. ^2 iso self-expiana|;Qry. 
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The proof that follows froili H is. not obyibus-/- suppose iight""to 

travel from A via some, point P in 1}he. rairrdr surface to B, PN- is the 

normal' to the mirror surface at See Fig, 5. " - 

N 




If the light did not become incident to the mirror surface, t^en' the light could 

npt be reflected from it.^ Here, in asserting that a ray takes the shortest' path 

possible from A to B, ve cannot mean the shortest of all possible paths (the 

&traight line AB), we must mean the shortest poss;Lble path via the surface of 

the mirror , 'Thus to prove that is ^ consequence of H is to prove .that, 

if - APB is th«, shortest path po^iiaje (via the rain^^r surface)^ -^n the arigles 

made by tlie straight li^i^ AP, I^Xwi^h .PW.-are equal. . 

First we show^at the lines AP, cannot be wlggly. The distance from^ 

A to *B via P. will ^e a minimum >Sien^ AF and PB are both minima^ for if 
* * ' ► ' • .^^^ 

both were not minima'their sum could beldecreased. But the minimum distaixce be- 

tween any two points is the straight line joining them^ so that the dista>i<j,e 

fl-om A to B via P can be a minimiaii only if - AP and PB are both straight 

- * 

lines. Accordingly, we exclude wiggly lines from further consideration. 



TH 



leads *us tot the crux o 



.the 



^ . \|hat is the position of P 

that fhef sum of the straight lins distafnces AP, PB is* a minimum? At tl 



stage we avail ourselves of Keren's jfhger^iity by introducing an auxili 



such 



point 



B*, the mirror itjiage of B. Thelt is to say;^.BV 'is the poison th^ nt^rmdl . 

Se6 Fig. K 



fl-om ' B to the jnirror as far, below the ,surfac^ as '^B is above 





' Since MC is perpendicular to BB» and C is the raidpo^n-b of BB' , MC 
is ijlte. perpendicular bisector of BB»> i.fe.^ MC is ^ the locus o?, points equi- 
;aiit' f rom B af^ B^. . Therefore, no 



matter what pointy P ite on MC', 



PB' / 
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and consequently 



Fig- h 



AP + ^© = AP + FB* 



The former will be a minimum only when the latter is a mininiura. But the shortest 



distance between A «rad B' is the straight line joining them, so that' the 
latter, and consemiently the former, will be minima" when is collinear with 
A and 

It remains i^erely to show that when APB' is a straight line, theW^es 
made bjr AP and- BP with the normal at P^ are equal. Study Fig, 

^ o ' N 




Fig. 5. - -B 

Since - AEB» is now a straight line, MPA and B'PS are vejrjtically opposite 

angles, so that : " 

* ' " - ^ I ' 

ZMPA =:ijZ^'K:! J , 

ZBPC JZB».PC , . " 



KERLC 



! 

■V. . 
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by ^ymmatftr (and also, by: congruence of triangles PBC and PB'C, from two sides 
• ' ^ / 

and their included angle, PC = PC, ZPCB = 90° = ZPCB' CB = CB' ) ' 

SO that ♦ ' ^ 

^ Z MPA = Z BJC • . t < ' 

Therefore the ^jomplement of the former is eqtial to the complement of the latter>^ 

^- Z APN = Z BPN • 
• This completeaJtigT)roof that • ,is implied by H, * , 

The critical, reader may well ask, 'Hov did Heron hit upon'the idea of the 
auxiliary point ^ B\T But haven^t we all §een swan and reflection fWatir^g 
double on a placid lake? The, swanks image is the ,same size as the ^wao, but 
upside do<^. In terms of Fig, 5, "if MC represents the lake surface and CB 
the swan, then CB» represents the swan's imagfe; in particular B' is the im- 
age of B. 'To an obifeerving eye at A looking along' AP, B appears to be on 
AP produced at B^ To see B "in" .^reflectitTg surface is to see it as' if 



flecti 



it were at B» and- there were no reflecting surface. The concept of mirroir 
image enables us, in effect, to throw _away the mirror and reduce the problem of 
a reflected ray^'s pd|:h to that of a nonre flee ted' ray By ^ the path of 
light from A to W (when no 'mirror intervenes) is the straight line 'AB^f^the 
shortest path possible. We can but suppose t^at Heron had such. consi(ierations 
these in mind when he pond,ered the pl-ablemj *fo|- ponder thW problem he did, I 



3j*5 Ptolemy and ^efractior^ , . ^ \ 

^ * ' Ihe i'uycher aevelopment of optics .leads us to the work of the great 

Alexandrian astronomer, Ptolemy, who flourished 12.7 to l^fl djr. I5I AD. Shortly 
after the time of Heron deep interest ^fh astronomy, raided other questions con- 
ceming the ^nature of light. ^Ptoiemy found from ijis observations bf the stars 
that the propagation' of light near the earth's surface^s not precisely recti- , 
^linear, but slightly c>*rved. On the analogy of a* straight stick paiyt'iklly im- 

' ' " ' ■ ■ U . \ * ' ' " 

mersed in water, appearing be^t^ h6 ascribed 'the curvature of light to passage 



- ( ^ . 

. ' 83 ' 

through layers of air of different density. ^ 

Textbook Tvriters would ^have us believe that^the Greeks were intereste.d 
only in the things that they could see but not toutfh. , To the contrary, a vast 
amount of experimental work vas done in* Alexandrian times r .Ptolemy, to better 
understand the effect of change i§ density on the bending of light rays by the 
atmosphere, conducted experiments to measure the deflection of light rays in 
passing- from air t6 wateV. See Fig. 6. 




AIB 




' WATER 



Fig. 6.^- 



Upon penetrating the surface of the water the incident ray does not con~ ' / 
tinue alon^ AP (produced); but al ah angle, to it. Ihe deflected ray, is said, * ' 
to use the cpmmoQly accepted term, to be refracted. Possibly the reader is • 
"disposed to take ZBPA' as a measure of .the refraction. Ptolemy did not do 
■ this. Refra,cti||| is suff icientlyvsimilar to reflection to merit analogouNer- 
. minology. With both phenomena there is a ray incident, to a surface, and there-' 
fbre an angle of incidence,, ^e only difference is that whereas with refledfion 
the ray after -incidence is determined above the surface, with' refraction it^ls . • 
deflected beLDv it. Is.it not therefork ^atUral.to measure angles for both , \'^" 
phei^mena with referencffe to the normal fe 'the sjLrfacej to^se^the sia.;ie ^efini- 
_ tion of angle of 'iricidenc^ f^r'^mfiTSnff^s^.c/ a ray deflected upwards is meas- 
ured agaUist the upwar'a>normal,;J fo meas,ur'e agal^-s.t.tlhe do^mward noiml a ray •/ 
deflected downwards?. <>us in n^. 7, ..^:.4s~ sa^i^io^-BeSthejitngle of -incidenc'e 
\ Samd p f the-f angle ofirfefi'actioft^ ' "'"-^ -VO" I ' ' . " - t 



.4 

t 



7 
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,. Ptolemy found that 3 depends upon a ; a change in the angle ^of incidence 

results in a change in the angle of refraction. Mathematically put, 3 is" a" 

function of a , say, 3 = f(a).. As a first step tovard specification cff- f(a) 

Ptolen^/ 'inade extensive tabulation of the ordered paii-s^, a yith the correspoi4- 

ing Despite more and yet more experiments, with extensi^ and ^^t more ex- 

. * /- * 

tensive tabulation, the law of ordering continued to elude him. Finally he had 
to give up* * ' " " ' - ' , 



^^h * Kepler and Refraction « " * 

More than a thousand years later the problem -was tackled by Kepler (1571- 
16^), an astronomer justly famoufe, vho^,had ^ius at finding the functional 



relation governing ^the ^st jrecalcitrant of order ed» pairs. Allow me to illustrate 



awiy, conjecturing aijd checking/ until finally 



A his capacity 

I . Year ;^fter year he Vorked bm 

he >it upon hypotheses that -fit his observational 'ddita. He^showed that eabh 
.planet describes an ellipse having the sufi at" one of its foci, and that the 
areas described by the radii drawn from a planet' to the stm are pr6portional to » 



the time taken by the planet to describe them. Fon each fplanet he knew r, the 



inaxlmum'di static e .of its elliptical orbit from t^e sun, and for each he calc^la- ^^,,1 
X^^^^^^^^exy^lsf T,, the.time.it takes ^ to cti^ a Ad:?.' or^it^, ^ 
•taJula|^.jT ^d r. He "askec\ hinapelf^ W^t' is the f 



functional ^relation between 



rfou 



^h'e "^uis^e^ incre^bl|j mia^* , A ^ ^ J 




0^' 
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That helnay have some measure of Kepler's achievement, the reader is asked 
^^j^^seek the relation of T to r for the ^fqllowing tabulation. 





V 




r 




JiQ). 


l,6oi,6l3 
2,lii6,689 


1^521 

l,8i^9 


1^,251,528 


'2,916 • 


1^,721,632- 


' ?,I56 


7,i^li^,875 


if, 225 


9,261,000 


if, 900 



Not obvious, eh? Alas, to find is to seek successfully. After hours or ) 
dgiys^ of unsucjcess we likely concede that such problems demsind a Kepler, But 
these are neat and tidy figures, tailor-made for the crccasion; devoid of messy 
decimsds, bur tabulation has none of the moreror-less-ness of the observational 
'data of Kepler's problem. His was difficult. 



4 

A hint. Our r column contains naua^t but perfect squares, Js fth^ rela- 
tion of T to' r now obvious? No, *tiie ""obvious' conjecture , is wrongj T is ^ 
not 'also a perfect square." No, neither is T the/ sum of tvo perfect sguares. 



T, it so heg^pens, is a perfect ,eube. Advantageously we rewrite our tabulsjtion, 

• -I - ' ■ •' ' 



.1 



66/ 
11-7^. 
129^ 

168^ 
195^ 

21P^ 



.Is the pelation between T and r 



22 
59^ 



-^70' 



upon your discernment, , Pferhaps you notice that neglecting 'e> 



now app^itfient ^o you? 



That depends 



)nents the first 



number of e^ch ordered pair is* three^imes the second,, that j^' 



86^' 



66 ^ 117 129 ' 

22 -TT\ 



Thus, f 02*-' example, 



66 = 5-22 



so''that iSie entr^* for T vlth - exponent is 
" ' ' ^ , • 66^ = 5^- (22^) 



What a pity the 22 is cubed instead of squared. Thinking vishfailkr, V^write 




i66y : (55)2.(222)2^(22)2 



4 




It is left to the reader to shoj?^' that ^ 

.' , • T^ = 729 -r^ 

satisfies' our tabulation, - / 

Kepler's tabulation, though difficult, vas^ governed by the satr*. proportion- 
ality^ He found that - * . ^ ^ • 

where k is a constant.* This-'is his famous third law that the square of the 
time of revolution of a planet about the sj^ is proportional,, to the cube of that 
planet's maximum distance from it. Although our .tabMation vlth nice whole 
numbers devoid of observational error inadequately" illustrates his achievement;, 5^ 
it dobs afford some hiAt why Kapler's discoveW'cost him nearly a decade'^ of in-' 
cessant toil, • -* I j " 

With, equal enthusiasm Kepler turned to the refraction problem of specifying 

' ' . "\ ' ' ' . 

P in terms^f a . Kno^ng his ability, we anticlijate Ms success. His for- 

I " '' ' ^ ' 

^im\d works welJ^for small \ a , but the greater a^^ecomes the greater It^- in- ' 

acciracjr. For a greater than 15° its inaccuracy is unacceptab]^e. It is a 



4 



makeshift affairj even Kepler was unsuccessful'. 



/ » 



j3,5 Fefitta-tj ; The Quickest Bath Principle. 

I Although the reader is un(^fi^{^tandably impatienli to learn the correct for- 
''rai^la^ the^ development of science not to be hUrried. Solutlo|| ^f long^^^stand 
' i^ ^^^ prblJlkis^ is attendant upon tlie winds of fresh discovery; thq new ideas of a / 



A 



/lively intelligence, stimulated "by the intellectual ferment of its day. The- 
^lively intelligence was Fermat^s\ (Perma^* l601-l665)i the intellectual ferment 

of its day, the question, "Does light have a velocity or. is its propagation in- 

* ' # 

stantanepus?" , * • 

Possihly Galilecj '(l^-a.6ii2) was- th^ firs.t tQ. tackle this question experi- ' 
mentally. At night on a mountain top he signalled with a lantern to a colleague 
on an adjacent mountain. His colleague, on seeing "^e light of Galileo ^s lantern, 
uncovered his own. Galildfc tried to measure the ;Lnterval "between dispatch of 
liis signal and receipt of his colleague's. As near as he could tell,^ light is 
instantaneous.-? To us the experiment is" incredibly naive, but GaJ^ileo did not know 
that the titae for say, two 10-mlle light journeys-, is of the carder gf one ten-^ 
thousandth of a second. He experimented to find out.* - , » 

This live issue paptureA Fermat's attention. Suppose,, he pondered, light 

is not instantaneously propagated, but has a velocity. Further suppose this veloo 

V ' ' ' . ' ^ ^ 

Time is distance divided by veldcj^ty;^ the short- ^ 



ity to be constant^ What then? 



est path is the quickest. Th? supposition that light takes the shortest- time laas 

/ 

precisely the same consequences as Heron's principle 'that it takes the shortest 
path.- But alternatively, suppose that the 'velocity of light wh>?e. constant for 
any given medium, is different for different .media. In particular, suppose that 



n med 

light.in waier'ias^a.'v-elpcijiy different jfrom iji^t in -air. ''what then? Wi'ih 



'!;ra;vel in both 5iir and watet*'the shortest path conceivable is not the quietest. 



t path c 



A bent, line is Jonger than th^ Straight ^ line between the same end poiittuj 



because a refra 



• fit ill 'hold, and 



Fui-ther t] 



ted'' ray is refracted it cannot take the shortest p^th: 



(Simply 
does it 



take the quj.ckest? If so, the consequences of- Heron's .-shortest path principle 



perhaps 2?efra€^tion is also explicable.. , ■ 

jought gives' this conjectui^ fuHher ^lausibilitj^. could bp 

expressed 'as a minimupi principle. A straight ^line bends Neither tt the one 
side or the o.ther; it 1ias zero curvature. So, instead of • saying. tnat light is 



pi'opagated rectilinearily, why not say 



say that' llighi 



light tak^ the-pat^i of minimum 



cugrature?" Heroafs minimum principle thjat. light takes the ^"ortesti»path is more 



/ 

embracing and covers reflection as yell. as E^C Why'^not an even more embracing 
^ minijnua^'Jj^ificipl^ ifchat dovers r^efraction as v^ll .as reflection and ? 

^» ' Fermat^s c'onjecture ex^pl^^ins at ledst as much as Heron's/ Does it explain 
^ more? What precisely are the implications foi^ ref reaction of the minimum. :fcrin- 
• ciple thai vLight' takes the quickest' ;path i>ossible? 'What Is the quickest path? 
[ Cg»^der the plight of ^ golfer 'who In driving f^rom thj fairway a^ A, hooks"^ 
tnot slicesT-the golfer is left-'handed) his ball into th^.box'',^t ^B.j-See Jig. 8. 

A 




How best can he retri^e his .ball? Not by takihg.^;he shortest ..route AP'B/ but 



by taking 'the route AP"B.^ ;*hich minimizes the amoujitjo^^bog, tW' i^^^^^^ 

detemined as golfers are^'iirust flounde5f: through waist deep. Clearly this.ig^the 



quickest possible rou^e. ,^^^re it, fir example/ with AP»B. ^ His longer t^alk 
AP"|across the tairway '^ere ^l!h^golng i^ easy and therefore .rapid takes .him a.t 
mosx a minute or two more, Fiit 
two of '.floundering'. The extri time 



'Ut hiX shortest bog rout€^% P"^^', saves hiriv to ht)ur 02 
ri time spent in >mlkiq^ f^rtti^r atb^Qs^ ,the f^lrw^y 

pl f.TTTiP snx/cir? -pTiz-iw Viq4'+-T "I v*/-L4.uiIk;, Jt, : v^^"- - ^ ' 



♦similarly 
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is negjible compared with the' time saVed from.battlin^it^r^ 
AP"B compares favorably a^inst/|,any' ol^her route, .It ia ililkil t'^vely evident 
that floTindering is so, exasperatingly sl6w that as."^ inci-ease floundering 
distano^e cannot be compensated for by the coir^spondi^ig/iecrea^^diy fafrwa^if 
travel, 'J^erefore the quickest route has the micfimum, of bbg 'travel, i'.ej^.that 
in which feP" is, perpendicular ^to MP^'^We have ^lv>d:;.j^e ^J^^^^^^ r 
biera ixl the^xlyemer case where thUgolfer'ie fairway .veloJl^'V. ^ "Very large | 



compared .with (since almost zero), V^V^is -^bog velocity/ 



'9 ay 
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Iffliat is the other extreme case? fti^ in^which bog is replaced by fairway, 
^ so that Vg is increased to V^, Then, of courts e, the quickest path i*s the 

shortest path AP'B. And^what about intermediate cases? Surely the quickest 
• route from A to B i?. APB where P moves rectiiinearly from to P",/ 

as decreases from V to nearly 2?ro» ' - * 

/ Suppose the. bogy eplac^d by bVacken and gorse* Off the fairway the going 
is no€ so desperately bad as flouji^ering througft bog, but more -arduous than fair- 
k way walking; we expect P to be intermediate between ^P' and P", Wore lihe 
going rougher than it is off the fairway, ^ our golfer would go farther out of 
his 'way (i»e», deviate farther from the shortest route AP**B) to cut down the 
amount of rough, time-consuming, terrain he need travel across^ werfe it less 
rough he wo.uld go less far out of his way* Less time-consuming terrain" would 
necessitate a smialler, more time -consuming terrain .a greater, deviation. It 
is intuitively clear that as decreases from to nearly^ zero, the quickest 

iroute is* such that P moves from P* to P", . - , 



We suppose APB to be^ the quickest route from , A on the^ fairway to- B , 
in the rough. See Fig, 9* 
-1^ 




. V • . ^ . Fig.; 9* ^ • > 

•** * *^ ' 

Let us comp^e AQ'B * with the quickest route • In taking ^th^brraer* toute 

. / . • ' . . /- . 

' our golfer has less faiirway to stride across, namely AP-AQ' , so that h'is >time 

AP' - AO * '* 

saving on fairway -travel is — rr — — . But with less fairway travel he has 

more^of *the rough to cross, namely .BQ'-BP, so that his. extra tim^spent in the 

* * *B0* - BP ^ \ ^AP - AO* I 

^ough-^is ^^^^ / '^Although he gains • — ^' in stkding across the^ 

\}^ W -B?<^ . ^ 1 V I. • ' \ : 

fairway^ he\oses ^ ^ \Q ' in^ stanaggling through the rough. Yet all* told, 

f ' ^ , -ir . • ,1 

must lose more time than he gains, for otherwise the latter route could not be 
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the quickest ♦ That is to say. . ' 

BQ^ ~ BP , AP - AQ> 



\ 



(1) 



2' • '1 
' "5 • - " ' ' • 

«where t' is the time ^by which r6«e . AQ^'B exceeds the quickest. Nforeover, 

the closer- thT^ rq^te AQ*":^ to^the quickest, the quicker it "becomes) that is, 

the clc 



loser atproMmates to' P, the more t' decreases toward zero. In 



short;,^ (l) l&.j§uchj th^t^^sitive t' tends to zero^as Q*' tends to P. 



B with the quickest route, ^ith the former route 



> Next let us compare^ 

our golfer^ hasVAQ^' rvAP of^ra fairway travel, yhich loses him " ^ 

' ' « ' ^ ' „ , 1 ' 

'htit ,§BP-B9" less struggling in the rough, which gains him , " . But 

all told must lose more time than he gains, for otherwise thel latter could 



not' be the quickest route. ^ Tliat is to say 

,;..< ^AQ" AP _ BP - BQ" - 



t" 



(2) 



wjiere t" is" the time by M^lch i^uto- AQ"?! exceeds the quickest. And as with 
ih^ p;:evibti's C(:5mparisoi\, (2) is such that positive t" tends to zero as Q" 



teiyis to B* 



Let us Qompare the left side comparison _ AQ'B of the quickest route with 
the rigl^t side comparison" AQ"B. The) condition (2) is equivalent to 



\ 



AP - AQ" 



BQ" - -BP ,„ 
^ ^2 



and consequently^ "equivalent to i ^ 
\. -"'^ ■ " 1 BP AP - AQ'! 



Gompafe (l) with (5*). We observe t°hat the formerj-when Q' = Q and t' ^t" . 



- and the latter^ when .Q" = Q and t" 



r 
i 



^t^'is the condition 

> J 
VT 



.BQ-^ BP AP - AQ • 



(^) 



2 '1 * m 

where'^po^itive "t tends to zero as , tends /to P* .'That i^to say, th'e ' rela«^ , 

tion between AQB &d tjie 'quickest rou^e is ioverne'3 by (kj no matter 'Aether 



ERLC^ 



^ is |o thf left tor g>*the5,rigbt of , I*^ We haV^answered She quistion, 'What , 



llui'&^^Wh^Vlie l&ck^t patfe AFB '^Tb suoh thalMhen Snrpared'with 



1 
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any other path AQB, condition (k) is satisfied. 



* Few ma 



ticians, even among thpse o'f tUtf first rank, could claim inven- 



tion of the calculus. Fermat is <5ne of^|jhe few. To splve the problem of the 
* » >^ , * 

'^f quickest path he invented the method *of the calci^us of variations. To the * 

/ \ . * ^ ^ ' ' 

b^ic idea of 'this methpa, the reader has,, in^ foilovingthe plight of our golfei*, 

been afforded an intuitive introduction. With the fair??ay replaced by air^ 'th^' 

' ' - • • . ^ * 

rough by vate/, and our golfer by a ray of light, (U) is immediately "applicable 

^ » * • "* 

toithe problem of a refracted ray taking the quickest path possible. 

' ' \ , 

See Ftg. 10. " . , * ^ 




I 



arc ^radius AQ ^ . 

center A ' n^!-Af 

^g*. 10. 



Tlie circle vith center A am radius AQ^ cuts AP in and its tangent at ' 

Q (perpendicular to. AQ, oY course) Guts\AP ,in R* . Z PQR' = 7- \ 

What happens as Q moves closer and closer to P, i.e., as Q P? Since 
extericr angle of triangle is equal to the _jSuiJi of-fthl two interior opposite I * 
angles J ^ * r * ' ' 



But, as^ Q -*P , clearly Z QAP 0, so that ZQR*P.-* 



R^P -> QP • sin 7- Moreover ,^jas Q -> P, RP ->RrP, i.e., AT - AQ -*R'P : 



♦ 



and consequently^ 



-consequentLy,*^ AP - AQ QP • sinV- Therefore, 



AP - AQ -.^ sin 7 n -d 

—7Y-^ > QP • -r^ — - a3 Q P 

> 1 w 1 



A' 



Next^ study' Fig. 11. 
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arc radius BQ 
. *c enter B 



Fig- 11. j 

The circle vlth center B -and radius BQ cuts BP (produced) 'in S, and its 
tangent at Q (perpendicular to BQ, of course) cuts BP (produced) In S'. 

It is left as an exercise 'for. the reader to show in a precisely similar 
'■way that * ' ' . ' " ! 



(6) 



By (k) 



BQ - BP AP.-'aQ 



-> 0 as Q -> P 



so that by (5). and (^) 



J 



QP 



sin ^ 



- QP 



sin 8 



-> O' 'as Q -> P 



3liat is to say.tha;t, ;djen"the routes AQB, AEB are arbitrarily closejl th'e- - 
difference.,. , • <• 

. ^ QP /iiLl ' -sin y \ - ■ ' 

is arbitrarily small; the closeV AQB is to^the quick4s:L-route, <the more -nearly 



true that 



sin & sin.r _ 
^2 " ^1 



In other wordl^^r the^quickest route equality holds; i.e., 



sin. 6 ^^J^ 
s in y ~*^V^ • 



:RIC 



Since in tTie limiting position the foutes AQB, kEs" are arbitrarily close, 
Z QR'P; differs _from a right ^angle by an arbitrarily smSll amount/ so tliat 



l^he-^situatiQn of Ffg. 12 obtains* ^ • ^ ' 




Thus^ a, the angle of incidence of the ligJitX^y A* with the' normal 



PN, and y arer both complements of Z QPR' Therefore 



(8) 



Similarly, in the limit ing^po sit ion. the ^sltuatioiT^f Fig* 15 ob*«dns ♦ 




r 



Fig. 15. 

Consequently, 6 and '^S^PN are both complements of * ZQPS* , stnd the latter 

s . ^ 

is vertically opposite 'to Z,BPN* /the angle of refraction p. Therefore 

P = & . (9). ; 



Substituting "(8) i (9)^ -in we have 



* sin p ^ 
sin a V, 



/ 
1- 

(10) 



This i$ Fennat's lav of Refraction, vhich may be alternatively expressed 



sin 



P = K^' • sin a , vhere 



(11) 



i.e., that sin P is directly proportional Ho sin a , vhere the constant of^ 



proportionality is .* 
1 



Permat*s law was later rediscovered independently by both Snell/and 
Descartes, anif was used by the latter to explain the phenomenon the re&inbow. 
11^ won rapid' acceptance with contemporary scientists. rFrom (lO) we have ' 



P = ai;c sin sin'^a )- 



1 



That Kepler failed to conjecture such a ^complicated *funct|.onal relationship 

between p and a occasions no isurprise* What is Surprising is that he was 

so successful as to find a formula of tolerable acc^^racy for a < 15°^ 

• 1 



-172T) science came of age. Und€rst£cneU^g;'the^ starry 

'a. 



. 5«6/ Newton's Mechanfstfc feeory p^f Light * 

With' Newton (l6^s/l72T) science came c 
* • * A ■ 

l^eayehs was within^ man^s grasp. It was -almost 'as if Newtx^Twith his -three laws 

' ' ' ^ ' V / 1 ^ ^■ 

and few axioms could, as Jesus, 'wdth his two ^loav^s a|^^ f ive fishes, work 

. miracles* H^^^^xjJlaine<i the ebb' and flow of the waters of the deep and the 

" * ' i ' ' */ ^ 

passage of the fiery bodies in the firmament above, /Nature^ost her mystery- 
man hi's impotence!. The solar system a gigantic piece of clockwork, and ^ 
Newton had discovered how it ticks. Newt^'s mechanics is the key to eve2>y- 
thing. around the sun; must it not be*the key \p everything under the s\in? To 
' ^ the enthusiasm borh of his" success, his laws and axioms were as clear as day.* 
^The minma; path of Heron ajrd/Fermat. were still darkly my-stei-ious. 

Surely the optics "of Euclid, Heron, and Fermat could be explained mechanisti- 
caJLly/ Newton thought .so , . ^ 

^ ''Newton ►Vegins' at the beginning. ' 'Die. first tEing to, e3q)lain is the 'recti- 
linear propagal^ion of light. His first law states that .a body moving with uni- 
forfn velocity iti a strai^t line will conti?is& to do so unless acted upon by 

extermal for^^s to change that motion. Are not Euclid *g and Jlewton's first ' 
/ ' \ * . . " - . / ■ 

/ • ' ■ - 

/ laws remarkably similar? With^ characteristic ingenuity Newtdn uiakes the former 

' ^ ^ . * - ^ 

as an. immediatf consequence of the latter by introduction of 'the supposition 

thai: a ray of li^t cofffeists of ^inut6 bodies; particles, or c^Drpuscixles. Be- 



cduie of this suppqsition Ne>rton»s theoj^ of light 'is known as the corpuscular 



-eory. 



7 
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How does Newton acc^>it£t for Euclid ^'s lav of T^^^tion? According^i his 
co&puscular theory, an incident ray o^M^ght is )4^±eCted because of the colli- 



sion of its constituent particles with ,thos6 ^instituting the surface ca^fiAhe 
mirror. It is^of course^ sufficient to confer the ^^e^^of^^a^^^singL^ 
particle, for all the others will behaVe^"^ the same way under similar circum- 



stances. 



c 



the m: 



First let us consi^r a speci|jS case, that of an^ incident ray» normal to 




\ 



p 

Fig. 



-M 



. \/hat happens when a constituent particle of a ray trav^^Iing alopg NP reaches 

' ' ' ^ / ' ^ - ' ' * ' - 

P? Its ,a.ttem®c to' penetrate the surface MM* perpendicularly downwards is 

' /'■'-' / /. ■ •. ; • ■ ' 

re^isj;ed salely "by forces acting perpendicularly uj>wards, (due to the constituent 
''p^4^c^'of the mirror surface in/ thgjjoieigji'borhood of ?)• -Consequently the 
liicle ret\ims along the normal. 



We 



fe now turn to the general case. It i's a^symied that V^, the velocity of 



a- light ray; in ^ir, is constant irrespective of its ditection relative to the 

. ' " ^ - ' \ ^ . • * ' 

mirror. Thus the problem is the following. A particle travelling with velocity 

'V^ along AP at an angle a to the normal is reflect ed*^th velocity V 

along BP which makes some angle ^ with the normal. Wha1/i^'the relation 



M 



? ^See Fig. 15. 






N 




__V^sin^_^ B 
















e / 



Fig. 15.' 



Despite tfiie .fact that the particle at P .nowV^tempts to pei^trate MM' 
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°^ '"^"^"^ structui;e of this surface is such that the 

resitffeahce t6 penetratiori is solely 'by forces actirife perpendicularly upwards-'. 
;•' Just^a^ fin the special case considered above. What are the cbns^uences of his 
insistence? Forces acting in the direction. FN have ho components in th|- 

• direction ■ M', so that the'' forces (if any) acting in t'his direction- on the 
particle at P 'before impact are unch^ged by impact. Therefore the velocity 
of the particle parallel to MM' when of the reflected ray, is just the 

same as when part of the incident' ray. Motion parallel to the surface remains 

; unchanged. Equating^omponent velocities parallel J:o MM', we hav^ 



sin P = sin a 



\But, by hypothesis^ the resultant velocity of the jjsa-ticle'when reflected is. , 
at an ang^e p to PN. Hence it .Us cleatt- ,froDi Fig. l6 -that . p = a . 



' -^il/.-'- . V. sin i. * • 




. •■ " . Fig. 16. . ' ' ■ 

Next, refraction. What is the difference between reflection and refraction? '• 

• \ Whereas in the latter the" incident ray'is successful in penetrating the surface, ' 

in the former it is not. Newton treats these pheriomejia similarly. No matter ^ 
. ^ether or not penetrationv is successful'^ Newton continues to insist/thkt the ' ° ° 

only^ forces opposing penetration, evfen if" oblique, act perpendicularly, to the ' 
■ surface. Consequently, for refraction as for refl€cti9n, motion paral.lel to ' 
the surface remalins invariant'. And whereas the refracted ray dlff ers -fyom the '• 
^ . reflect^ed ray by b^ing projjagated in y^ter instead of sir, so that ita'co'mponenl^ 

• .velocity parallel to MM' is ^ sin V instead of . sin P,. the incicTeftt 
ray is the same in .both cases. See Fig. 17. . .. . ' ' 



■f 




There/ore, equating component ^velocities parallel to MM' , 



i giving 



sin p = V. . • sin a , 
'1 < 



sin p = • sin a , . -where = — 



(12)- 



.5.7 Fermat ' ^Versus Nevton: ^Experimentton Crucis . 



Thtis Newton, like Fermat, concludes that sin P is directly proportional * 
"to sin a** fiOTCver, comparison of (ll) vljth (12) also shows that, although 
their formulae have the same form, Nevton* s\ constant of proportionality i^ the 
recipi!C>cal or .^afmat 's.. And' it is an experimental fact that the' refracted ray 
is bent tdwar-dS the noajnal, ^.e^, p < a so tliat'^' sin'^ <^sl^n a . Consequently^^, 



a formula of the fcfftn. 



cannot be 



sin 




K • sin a 



le.ccrreh^t unless the ^ion^ant of proportionality is^less than 
unity. If/(ll)'lie coW^^ct, < 1; if (12), < l.( -Were^s , ^ . 

Feitoat's formulae cannot be correct unless the velocity of light in tteiter is 
,iess than the Velocity in air, Nevtoh' s .cagnot be correct unlesS the.p^eciS^ ' 
**.01*5?ite is th^^ase* ' ' ' " ''^ -'^ I 

Ifevton, had no difficulty, in, finding an argument to. vin(3Licate his ovn . 
.theory.., A pa%icl*e;^f light ^en.in air is traveling in a homogenec^us ^ < 



•medium;^ so that the forces acting upon it are constant; there being no accelera- 
tion *he* net jTorce mtist be^ zei-o; Similarly in water. Bu^ when a particle is 
passih^rom one medium to another 'there is a change from one horaogeS^ty to 
ano\:her, so ^ that the forces acting upon it momentarily are not constant. Wat^r 
"h&s -greater d^?ity thatL-a^^its parlflcles are more tightly packed. When a , ' 

f - \ ' ' ' , V . ^ 

particle reaches the neighborhood of^ the interface, ahead- of it ^s an ac^iumu- 

lation of matter, be'^ind it, a sparsity. Consequently, since the mo;re the mass 

th*e ^greater th^t^raction, the pajrticle has momentarily a terrific accelera-* 

tion and^eeds up from- to Vp. Having passed through' the inirCface, 9. 

ojice again there-is no net force and the particle continues with' constant ' 

« 

velocity V^- * x' . * * 

•••• > ^ . , • * ^ ; 

^ It vas a good argument as Ion g^ as it* lasted; it lasted rather more than ^ 
century. And ^ the n^ technological advances made it p^ss^le to show ^elementally 
that* ).±^ is -slower in water tten in air. This was the experimgntuny Qrucis^ » 
The basis of Newton ^s 'argument, that light consists of paHicles, is untenable. 
We must add that Fennat ejiunciated his quickest" patil principle a quarter of a 
century "before it was^ known experimentaily that the p2;opagation of light is 
not instantaneous. ' * " * 

3-8 To Recapitulate d j • 

, . \L have traced the development qf elementary optics over the centuries up 
. " . , i ^ . • . ' 

to the formulatibn ofvFermat's and Newtpn's theories. Both e6cplain rectilinear 

'propagation' of light; both account for the law of - reflection; both kiv^ the 
^ • • / . ■ t. \ - ^ H ^ ^ . 

same kind. of formula for refraction: yet they are rivals. Rivals, for with 

regard tq^ ref ractfon they differ in Retail. Here is a situation typical of • 

^ science ^sh istgr y;' a conflict of theory only^to be resolved by determination » 

of fact. That JLs the role of,' crucial epjperiment. ' . * 

a consequence of a theo/y Is in question, th€ basis of* -fefte' tl^eory 

.question. In rejecting Newton's consequences for .r&frac'tioh as ' ' 



^^^Jput when 
also in gu 



contrary to fact, we must reject tjie^basis of t)i«se conseguences-- the. 



^otpuspular nature of light. ^ That Permat's theory-could explain all ^he facts 
vindicated his quicHesli path purine ipll*/ L^-ter this developed into the vave 
theory of ll^t--' that tjae constitution of light is nqt corpuscles, but Vaves. 

Alghouth space does not pe2?ni't consideration of further developments, I 
hope tb have shown you something veil worth showing of the rpl^ of mathematics 
iA the evolution'of science. I^Iathematics »itS]^ens*our seeing of logical con- 
• sel^uences and?^ focuses our attention on ^appropriate experimentation; an, aid i:o 
* vision, it is the eyeglass of the minH. "* . ^ . ' 

5.9 The Rol^ of Science in ^^thematics . • ' 

r \^h to end' with a curious tvist/ From* the role of mathematics in * • 

science, we turn to the .role of science in mathematics; *for despite ^an al)im- 

• / ^ . • ' 

dance of, material, how'science g^ves grotinds for mathematical theoremsi^s 

little known. Convenient to our purpose is the problem of how to construct ^' 

tangent to the ellipse* _ ^ ■ ♦ 

<^f two pegs are hammered "into the ground and a cojrd tied to both 

of them is kept taut by a stick P, the movement of ]^ under this restraint 




Fig. 18 

,This method of construction exhibits th^ usu^, generative, definit'ipn of the 



ellipse., The locus of a point P .such that the sur& of its dist^ce^s.^lj^'twd^' 

;:Er|c. ■ , / / 'lOi • • 
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fixed points F^' ( called.^. the-faci) is constant, is said to be an ellip- 

soid; vhen ' P is restricted to one" plsiue through F, , F^. its locus -is said 

• • -A . - ' I'd 

to "be an ellipse. 'Praditionallx the constant sum is tajdfen ifo be 2a, giving 
the eqxiationNof the ellipse as 

F^P = PFg = 2a • 

*' . ' ' . ^ ' ' * 

' The'ci^^cle is a special case~of the ellipse, the ellips^e a generalization 

of, the pfircle. - "When F^, F^ become co^incident ' ^ 



F^P + PF^ 



2-F^P = 2a 



so that (and F^) become the center of a circle of radius a. This ^uggestPI 

that properties of ..the circle will be limiting cases of properties of the 

♦ 

ellipse. What light doeg this suggestion 'throw on th^ problem of constructing 



a tangent at * P to the ellipse? See Fig. 19. 

1 
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- ' -fig. 19 

The tangen.t at P to 'the circle with' center F Is perpendicular to the 
radius F^P. Hov do ,ve go from this limiting case ta the general? Equally 
well ve could say that the tangen% is perpendicular to' F^P , or that it is *^ 
perpendicular to both F^P and F^P. But obviously the'tangent can be per- 
pendicular dnlj- to^one of these linesivhen they are nO longer coi^nddent*. 
Which one? Surely they have equal claims. What is an acceptable compromJ.se? 
"Kiat ;F^^B are equally ipcTined to ,the tangent, i.e.,^that 7 = 5. 

See Fig. 20, . ^ - - : - . . ^ 
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^ ■ Fl^. 20.' 

^ * *> 

This conjecture has merits for it. is* consistent vitii the limiting .case; when 
^ ^2 ^^^^^^ coinoldent 7 = 5 = 90 . ,But to suppose *»that 7 = 6 is equivk- 
lent to supposing, their complements to be equ^lw i.e., that a = P. See Fig. 



Are not the principal ingredients of ^his figure familiar^ Could it not be 

interp2:eted as illustrating the lav ^f reflection? We now use science to do^ 

matheucatics. The phrase "to throv i'ight," liitherto construed as a figure of 

• / ^ 

speech, is now to be taken literally. Come to think of it, vhat more perfect 

/ " / 

. exemplifipation of a mathematical/ straight line than a ray of light is there? 

We suppose a ray of light P-P toy be reflected at P from' a mirror TT* . If 

the reflected ray does in fact ji)ass through^ F^, the^n T^ (the tangential line 

to the ellipse at P) is theyiiormal at P to the bisector of Z F^EF^^, and 

ve have solved our^ problem. / ' 

^' I ^ - 

^ Does the reflected ray /pass through F^? We recall that reflection is a , 

; consequence of the shorte'sV path principle. Thus, if Q is the "point on the 
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m:|rror from which an incidenLjray F^Q is reflected through * F^, then" F^QF 
^t be the shortest path possible (via the mirror) from^ F^ to F^* It re 
mains to show that the shortest path is such that Q ,is coincident with 
the poin\at which JT'^'is tangential to the ellipse. • 
Consider Fig. 22 1 



/ 




'Fig. 22., 



♦ Itrvis evident -that any point Q (gn TT'O^'not coincider^t ^th P -iust li^ 

outside the ^ellipse; therefore suppo^ F^Q to cut the ellipse at R. Since 
^ Is the shortest path from R to' F^ , > , 

. ; n + QE; > RF . 

2 ^ . 

'''^nseiuently, adding F^R to toth sides of the inequality, 



I.e., • „ s . - ^ 

* 

But R .is on the ellipse, so that "by definition * - ' 

F.R'+ BF^. = 2a . 
^ Therefore, . ^ - . * ^ 

■ . F^ -t ^ ^ 

. whereas, > P being on the ellipse, 

f • • < , . 

F^P + PF^ = 2a . • . • ^ ' 

Since light takes the'^hortest^path, it follows that Q must be coincident 
with P, Thai is, a ray of light from one focus, incident to a mirror^ 

« . • > .107 ^ 
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(tangential to the ellipse) at its#point of contact^ is reflectedt^through the 
Qther. This completes the proof of* our conjectured constructic«i of a tangent 
to the^ ellipse . 

. ' Permat vas the man who first raised and substantially answered the wider 
question of how to find tangents to plane curves in general. To solve this^ 
problem for p.ny curve whose ^nption is an algebraic polynomial he invented the 
differential calculus. Yet'lfia refi'eshing with the present density of 
calculus textbooks to find that a construction for the ellipse can be estab-, 
dished without resort to differentiation. The solution by optics, given above^, 
was the ^eaxliest .• « ' , , 

That in Fig. 21 a = p • has several practical applications. The td' 
"Shese applications is that^for a silvered ellipse the immediate, (elliptical) 

* neighb<5rhood of P will reflect light as' if it were the surface at P of 
^the mirro-r tangent^l to the ellipse at that point. Consequently, no matter 
what its direction, a ray passing through one focus will be reflected at tl^e 
ellipse through the other. The heat of a ^ire at althou^ radiated in all 

; directions will be re concent rated at F-^. If no radiation is dissipated en 

* 3X)ute and none lost in corftact with the ellipses silvered -surface, F^ is 

as hot as ^F, . A re fl exiting ellipse with a fire at one focal point has a fire 

' .at botlj; Focus Is the Latin for fireplace orf hearth, Similarly for euri audi- 

^ t \ ' 

torium with an ellipsoidsil cupola, F^, F^ a^e known as the whispering points # 

Since- "sound is reflected in the same way as^ light, a dispersed and therefore , 

weakened whisper from F^ will be inaudi^Ce in all other parts of the room 

' ■ ■ ■ 

\ except at i'p where the whisper is reconcentrated'. See Fig. 23. 



It is often instructive to go tow the limits We found it profitable to 
consider the limiting or degenerate catee of the ellipse where and F^,*. ' 

TDecrome coincident; ve now, go to fhe othfer extreme and suppose, them to "be as 
V apart) as ^po^ssible* With fixed) the farther F^ is moved from it/' 

the more' elongate'd the" ellipse and the m9re "nearly parallel PFp I JOL45ihe 



axis^ 7F^» See •F^.g. 



Fihally, with 'F^ ' at infinity, the ^ellipse has degenerated into what is.inopi^n 
as the parabola and PF^^ has become parallel to the axis. See Fig* ^5. 




Fig. 25. " J 



Thus, given a point source of light^at F^, the reflectibnjPr<3m a^^^silvered . ' - 
parabola MVM» is a beam parallel to/tlfe axis^ o'a^'.the parabola ^F^/ Rotation % 
. ""^-f the 'parabolic mirror about, its axis generaii^s what is known as a parsL^oloid 
of revolution. -This^of course, reflects a solid, beam of light'from a point 

source at F parallel to its axis, and is exemplified by the motorcar >ead- 

♦ • ' ' , ^ ' '\ ' 

• '''^■'^^ ' f . '^>' ' 

laiiip. And conversely, since the rays radiated from a di'stance soixrce^eure /sLLmost 
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parallel, they are accumulable within the immediate neighborhood"~'of . A 
paraboloidal reflection could with equal justice be termed a paraboloidal 
acci;iinuiator. Radio rays^^, individually weakj can be collectively magnified 
into a strong signal* As well as essential to radar listenivng'de vices,, the 
par^liolQidal reflector is the basis of the radio t,elescoJe. , 
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Chapter k. Applicationsr oT Matrix ^ Algebra . 

Although my purpose*' in thl'g lecture is to show vha^ matrices are good for, 
not to teach matrix theory as- sucE^^I^shall assume merely that you recognize a\ 
matrix when you see one an^ can readily perform i2a%3P-ix^- row times column multi- 
plication foi; very simple matrices. r . 

1^ aim is two-fold, my lecture ha% two parts, in Part 1, Mathematics 
vithg ^ Matrices ^ my princi^l objective is 'to convince yon that matrices ^are much 
" more than a kind of mathematical noughts-and-crosses designed to delight exam- 
inees and depress examinees, that matrix technique really does facilitate doing 
mathematics. In Part 2, Frdm Matrix Theorem to Relativity Physics ^ I aim to 
show how ^his' facility, used with bold imagination, devastates comlKortable, 
commonplace' conceptions of our physical yorld,_ j 

Part 1 . Mathematics with Matrices ' , ' 

k.l Why « Use Matrices ? ' ^ , ' 

^Have ever tried using a Iximp of rSck^to drive a six-inch nail into a 
four-inch^ be$un? It' is easier with a hammer. Easier because the haimner is de- 

signed expressly for the j6b,-designed t^o have good balance, to handle well, to 

\— f ' .J * . ' . ' ^ 

pffect a neater job with less effort.' Its design, deceptively simple, is depen- 

dqnt upon giVing much thqu^t to questions of rigidity, distribution of weight, 

•and*center of percussion.' Hard thinking goes into its design; hard work is 

simplified^jDy *it"s use. ' j ' , . 

, Jfetrices^' tpd, are deceptively simple. Some clever fellows gave much 

thought to devisang a notation that handles' well and a technique that does a 

► * » ' ^« — ^ ' , . - 

tidier,, more effortless job. Yes, matriq.es take the slog out of nailing equa- 

" * ' * " ' f 

tions. And, .as with driving nails^ there is no need to taK?^ anyone's word for 

it; experience i s" conclusive . Presently, you will have the experience. Ko* to 

start our mathematical carpentry with rusty nails, we first review.- 

r ' ' . .3 ' 111 • * . 
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^.2 Rotatit>n of . Rectangular Axes, 



Given a^pla^e^e introduce aj rectangular coordinate system 
origin 0. if from any arbitrary p^nt P(x/y) .we drop ; 
X-axis, then the length this perpe^dioi^la/r is y (the 
the distance Sipom its fopt to ^ 0 is ,x (tiie abscissa of 
. it^ clear that to any given point P there/ corresponds just 
nates (x^y) and, conversely, that to any given ix;y^ 
on^ point P. See Pig. l/ - , 





system x,y with the samfe 
unchanged, relative to the nev 
-^e. JBl-g» .2,^ ^ 
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This situation very^ naturally raises iibe questipn, what is the relation 

\ . ' ' 

between the old and new coordinates of E? If^we are given P*s old" coordi,hates 
Cx,y) then^ P is fixed and ^^its new coordinated (x^y) must, in princijyle 
at least, be determinate. Conversely^, given" P's i;iew coordirmfes (^,y), what 

^^afe its old .coordinates. (x,y)? .What-is the transformation from the rane coqr- 

' diimte system to 'the oth^^ 

\ \ Easy re6.soniQg shows tliat the rtile for going frqm/the coordinates in the 
one system to those in the other, say from (x,y) to. ixjy) /'^mist jb^ a linear 
transformation. That is to say, the rule must be a system of linear equations 
in x,y and x,y of ^the form " ^ 



• wher^ A, 3, C, and D' are numbers indepelid^t of x,y and x,y. . 

\Jhy is this? Because this is the only s^rt^'jbf system which can bfe in- 
-^erted. Since P has unique coordinates in both systems* the y?C^rmulae must 
also determine a unique value for x and for -y when ^x and ''y are given. 
If A, B., C, ,and ^ D^^ were not^ independent of ,x and y, then the formulae would 
c<?nTS}tjp^ua<^rat i c* or more c(3>mplical^d*'tenns in x or y, so that given values 






ana y would not necessarily derfe 



line X and uniquely.* 



If the deader will use "tliese explicit faiBUXae for x and y to^derive ....^ ^ 
explicit formulae for x and • y, he will ^et formulae of the pattern 

■ — -W- ' * 

X - Ax + ^ . ' r 
* y = 'Cx + Py ' ' 



' wl^ere A, B, C, and D are^ expressed in terms of A, B, C, and D. ' 

! 'You know T^/ell how- to salve a system of two simultaneous linear equations 

' I ' ' /" ' ' ' ' 

inj trie 'two urjfenowns x and y. ,You will obtain the above two equations if^yoXl 

' . ' • . \ ' . . . 

express-' x and Y ..in teiros of x and y. It is easy tp express the riew con- 

stands A, % C, and D j by means of A, &, C, and D. It might l)e a good 

exercise for yoa to ca:4^ 6u.t, the calculation. ; We do r^ot ^o it here because we 



? 



not need these f Qrinulae . y ^ / . ' , 

^ Of cours^th^-^^xtW'stiy^ls:._Wh^tare A, B, c/and D? Slnce they 
^are inde^ejid^t^ gf|^J ^^^^^ they may be f o^d by specializiSg. A 

well-chosen pointful. Ac^^ the, Ubor' of calculations / - - ■ • . > 
. . . I^t taXe tWpoint on the x- axis at unit distance 'from the origin. 
OJis point, call i/ P^, therefor^ has c5ordi;iates (l/oj in the old system'. 
See Fig. 3. - 




/TOi.at are P^»s coordinates in the 



system? li^s abscissa* x is. of course 

. the distance fran 0 to vher/^* o * iq +ho'-pr>'^+ ^-p 4.^ 

™®V \s th?..?oot.of the perpendiculaif dropped 

from to the x-dxis. So, l/king our^rs^ /equation 



X =</Ax + By 



with X 1, y = 0, 




To*go farther ye>rieed/to know t^eK^TTTO^wnfirj^ -Kv • : 

^s^ccui itnov xn^^HnK±e--mad^.^bj^^^^ axis with the old. Let 

^ ^>h>^J>'^^ ^ / * ' V. 

a. ^^i^^m^h^ obvious geometry of Fig. 3, sinoe OP^ = i'. 



Qonsequew^ly, ^ 



JJexL, what is 



OQ = cos a. 
\ 

A = C95.a- 

the ordinate y of P ? Sinr»P p i-?^., v ■> a.., — 

/ r^i i^mce , lies below the x~axis> 



/i't is the negative of the perpendicular P Q, that is 
■ • " ■ -rN^.'.'.:/ 



So, taking our second equation 
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y = Cx + rry 



'With' X = 1; y = 0, 



-sin a = C»L + J)-0=C» 



Of the tfour numbers . A, f^, and D ~in the transfo?raation, ve have al- 
ready found two, A and C. It remains to^^ind , B and ^^D, And isn't it ob- 

, vxous what to do? The y-axis is just as good as the x-axis; it should be given 

* ^ 

equal consi^deration. So, having taken a point one unit along the x-axis, we now 

take a point one unit along the y-axis. Let ,be tKe point with coordinates 
(0,1) in the old system. See Fig. ' . 













"Aft • 










> 

. X 







What 'are ^^^^ coordinates in .the new system? Its abscissa -x 'is, of 

course, the distance from 0 to R, where R is the foot of the perpendicular 

-dropped from? to the X'-axis. So, substituting x = OR and * x = 0, y = 1,, 

rin the f^^^Bqw§il^j5^4^the . t^^^ ^ ^ ,^ r ^ ' • 



OR A • 0 + B • 1 = B..-- 



"And since ZOP R and the angle a between OX and OX are. both complements 
^^'^ ^ ... . {' ^ ' ' " ' 

of ZPnOK, -Z-OP-R .= a. Consequenlrly; wi-th OP^ =? 1 

ifr ' " \x OR = sin a ' / 

50 that ' - ' * ' . 

'» ' * . B = 'sin a^" • • 



Similarly, since y =.cos.^, we obtain from the. second equation of^the 



o'tifansfioiTOliiion that 



cos a*. 




We.have 'fotin'd A, B', and D.^/ We conclude that the required transfor- 



- 7^ ' ' , ^ = (cos' a)x + (sin a)y ) 

,r . ^^"-'kJ' ^ (-^in a)x + (cos a)y.) " 



(1) 



J CXir refresher course is completed; ve'have. stjraped t][ie rust off our nails. 



/ 



¥'3 "^ Transformation vj>t}>w to^ without Matrices.. • » . ' 

We now use mat^;ix algebraVto write (l) in a ^lightly simplified form. We 



get 



Mi 




,for multiplication of the- sg toMi^ tas^y o^h the right side by the first oi^ the 
•right side gives a column mjatripc whose terms are » ■ " s 

• , ' " ^Ljfcos a)x + (si^)y " ' ^ ' 

and. \ 

^ i' (-slto a)x + (cds ajy 



. which equ9.1 x and" y, respectively/ 

The first , element* of this column matrixes obtained, as thp reader doubt-^ 
lessly recalls, by mullipXytng x^(the first element' of the column^ of the, sec- 
ond matrix) by cos a (the first element of, the first row of the first matrix), 
by multiplying y ..(the ^second element, of the column of the second matrix) by 
sin fx /tjle second element?*df the first fow of tHe first matrix), and by adding 
these prodi:icts tpgeth^r. Yes, it's easier to do than to state* The seqond 
element^^is similarly obtained by using^ the elements of ^ the second row of the 
first matrix instead of its first row elements* In brief, multiply colxamns Ijy 



\ 
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Do gain anything? (1^) does look little more compaat^than ,(L). Is 

\ ' ^ ^ ^ . ' ' . 

a JrcftssMt. lesa laborious to writ€^tha^ an .equality sign'? Beally, this is split" 

^ \ ' ... ' ■ • ' 

irlTig liairsT "'fihat matters is not so idicb hov a tool looks, but how it handles. 

0' 

^Jiaw; vfi^ dpes ^it ^handle? Let us do some mathematical carpentrjf to find ftitj 
^et^jLls.deduce — 1 beg j;our pardon, let us nail home — the basic trigonometrip 
angle sum formulae ;for cos (ct +* p) and sin (a'*' P) . For comparison let us 
do the job twice; once driving our nails with a hammer, i,e., *using matrix 
transformations such as (l*), ai>d once hitting our ^nialls with a stone, i.e., 
using nonrinatrix transformations such as (l). 

Suppose that the x,y rectangular coordinate system is first rotated 

» ' ^ ♦ 

through an angle a to give a second x,y system and then through an addi- 

tional 'angle p to give»a'third x,^ system. See Pig. 5* 




. Fig. 5 • ' - 

^ Regarding thei second system as the old and the third system afe the new, 
^ince the latter makes an angle P with the former, by virtue of (l), i.e., 
substituting P for a,, x fo± ;c, ,y for y, and 'f for x, y for y, * 
we have 

^ ' f = (cos P)x + (sin^p)y 

. 7 = (-sin P)' 

and, by virtue of (l*) 



X + (sin^p)y ) 
)x + (cos ^)y ) 



^ (2) 



Q/col"P sin P\ /x\ 
\-sin P cos P/ \y/' 



Ne^gt, ^taking the first system to be t^ife old and the^ tfiird system to be the new^ 
since the latter makes an angle a P with th^. former, by virtue of (l). 



f i.e., substituting - a + .P for a; x for x, ■ 3^ for * ,for ;c, ^and - y 



•'^ lor y, -we have .^-^^ *- . --^„, 



• X = (cos a + p)x +^(sin a + p)y 
' , J = (-sin a + g)x + (cos 3 +'P)y. 

Similarly, by virtue of (l*^) . 



(3J 



^ \y/ .\-sin a + g cc5s + p/\y/ • ^ ' * 



Note that this far the differences are merely notational, but this Is the part^ 
ing of the ways. From here on the non-matrix method is more laborious! 

First, we co*ntinue with the matrix method. Using Xl^) to eliminate *( 
from \ '^)y we have ^ ^ - 



0^ Yaos P sin p\ *| /cos 'a ' sih^tVTxrV 
\-sih P cos P/ ( y sin ct sin a/ \y/ ) 



4 



Hence, from (3"^) ?^d (i^*^), we -have ^ in viev of the associative law of matrix 
inuljj^ipli cation, ^ r-^^ 



> 



^jLj^/cos a + p sin a + P\7x\ /cos P sin p\ /co;s a^. sin a\ /x\ 

\-sin aM- p cos a + P/ \y/ \-sin P cos p/ \-sin a ^;cos d/\y/. ' ^ 

■ . ^ If-/, 

so that " ^ •/,./' 

(^iCos a + P siQ a + p\ /cos p sin p\ /cos' a ^sin a\ 

_ . ^-sin (?'^+ p-cos a^i^P"/— \-siii P cOs^^P/ ^^n c?^*^s^ay • 



To ^determine, cos a + P it remains merely to nriM&iply the first row of the 
first matrix (on "th©.i:ight side,) into, the first -\^Jumri; of- th^ second* We get 

' cos a + P = cos P cos a + sin p (-siira) 

which, to show 'due resjfect to the alphabet., ^WQ \o:ite - ^^^^ , 



^ • ^ cos a + 'P = cos a cos p - sin a sin p« ^ 

Similarly, multiplying' theVirgt. row into the second column, we get 



sin a + P = cos P ^in a + sin P oos, a, 



i.e., _ 

sin a + P = sin a cps g + cos'*a.^in p. ' 

Next, we continue vith the non-matrix method. Using^ (i) to eliminate x^ 
"^r^nd y from (2) is a much more strenuous af f €iii»' than using {ifl to eliminate 



from (2*). How much more strenuous you can find out only by doing the aj.ge- 



bra for yourself; your mental muscled will not tire by watching me work. I'll 

» » * 

wait. ^4 ^ 
. Your labors 'correctly completed, we both have • 



X - (cos a cos P - ^sin q. s^n P)x + (sin%^ cos P + cos a sin Piy ) 
y = -(sin a cos P + cos a sin ^)x + (cos a cos P - sin a* sin>P)y;- 

Hence, from (?) and (if), we. have ^ - ^ - ^ ^ - > . ^ _ 



(cos^a + p)x + (sin a' + p)y' ^ 

=■ (cos'a CPS P - sin. sin P)x^ (sin a^os P + cos a sin p)y 



^(-sin a + p)x + (cos a + P)y 



(5^ 



^ -(sin a cos P, + cos'a sin p)x + (cos *a c^os p - sin a sin P)y*| 



, And sinc^^ege equations hold^for arbitrary x and y, taking y 0, 



the fit'st gives .us immediately the foimila for cos a + tha_Seoond the fur-* 



mula for '%in a + 6» ' . * * * * , • . 

^ How mucl> extra work does the non-matrix mA;hod entail? Quite a -lot; we 

\ \ • \ * ' * 

have both done it, we know. 3ul l^tjjts see prei^sely what this «xtra work is ^ 
-(*5V* written directly in matrix notation is» . " ^ t:_t^-,:4-^jL ... 



\ v/?°^ a + p sin a + P\ AV - ^—^^ /; _ 

*\-' \-s^n a + P cos a + pAVsP^ 

\ /cos- a cos P - sin^a sin P ^, ^ sin a cos p + cos-*a sin P\ A\ * 
. a ' ^ * 4 >' v(-sM a boiT^ + cps sin 0) cos a cos P - sin 6. sin \y/ . 



(5') 



Notice anything ranarkable? Well/ compare ^5") with {^*). We npst co^iclucfe 

that \. . , : - , 's V . V> V' > V 
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(cosjd cos P r sin a sin P sin a cos P + cos a sin p\ 
-(^in a cos p + cos a sin cos a, cos P - sin a sin p/ 

(cos P sin p\ /cos a sin a\ 
: • ' (5") 

-sin P cos P/' -\-.sixi^QL.^,Qps a/ . 

But, {kfl written directly in* matrix notation is ^ 

/x\ ./cos cx COS P - sin a ^ sin a cos P + cos a sin p\ /x\ 
/' ^y' V(sin a cos P +'^cos a sin , cos a cos p - sin a sin p/ \y/. 

^us* is, i'h effect,^ vith the first pair of matri*ces on its right mul - 

^ tiplied out. ' - < / ^ 
' ' . ^ V 

^What do you conclude?' Tl^ink about it,* Whereas "by using matrices, we ob- 
l:ain-(5*) without l/aving to multiply out the product 



(cos P ' sin P\ /cos a sin a\ ^ 
->in p cos p/'\-sin oc cos a/ , ' 



to obtain (5) without .using matrices . necesa^tates multiplying out the' non - matrix 
equivalent of thia^^roduct . Put paradoxically, whereas^the use of matrices , 
avoid§ computat^ion Qf the matrix product,^ the jsvoidance of matrices necessitates 
it. Isn't it easier to drive nails .with a hammer than with a storie? 

Qrthdgonal ^fetrices. * ^ 

ifm^der (5**). This is a curious equation. The multiplication of tTO 
matrice5#^^.tUev.,form ^ ^ 



/cos e ^'"kiH-^Y 

* Vsinr^ cos 6/ 



^ives another inatrix pf -^he same fora; they constit^jte a group. 'The performance-^ 

,5- ^ ^ . sin a\ ' /A , \ * ' ''^ 

of the operation / / °^ I ) (see "(l*)), followed by the'p^fbr^ 

_ J . ^ VsiS.a^9os a/ Vy/ . p pv 

''^ *, mqnce of a second and similar operation, namely*, i ) .on the result 

;^ - " * \*sin g ' Ss ' " 

-the first operation (see (i*-*)), is ^equivalent to'tlife performance 9f the 

^ * 120 

E RLC \ i . ■ 



117 



. ^ /^Qg a + P sin a + p\ ""^ /x\ ,^ 

jingle operation I ^ I on j j (s 

V-sin a + p cos a + g/ \y/ 



(see (3*)) IT These opera- 
tions give the transformations of the coordinates of P for rotations of axes 
.through an.euigle ^a, an angl^ g following an angle a, and an angle a + p. 
But, Qf course) a rotation ^trfrough' 'a followed by a rotation through has 

* the same outcome as a single rotation through ^ a + This is the reasoning 
underlying the deduction of (5*) from (3*) and Isn't it obvious from the 
geoH^trical point of view that rotation transforms must constitute a group |^ 

Of course', the transform for a ^rotation 0 will have 0 for an ingredi- 
ent, but why cos 9 and sin 0? Of course, a, P, and a + P will be ingi:e- 

• dients of our transforms, but why their cosines and sines? 

^ Reconsider ^ib derivation of (l*). Takfe another look at- Fig. 3. If^ Cft ' - 

- / ^ V * " ' ^ ^ ' - . ^ m 

IS to be the x value of P^, by -definition PqQ must be parallel to OY. Ye^ - 

if OX, OY .were hot perpendicular, the angle at Q would not be a right angle, ^ 

so that OQ would not. be e^ual to ccjs" a and P^Q would not be sin Thus-, / 

we come to see that " ' ^ 



(co'^s 9 si^n 9\ 
-sin 9 cos 0/ 



is necessaril;^ 4;hp pattern of 'matrices with which we can handle- tr^s format iofas 



of coordinates induced bflf rotations of rectangular axes. And since raathemati- 
cians .£u:e disposed to use the word orthogonal ^^rather than rectangular or right- 



angled, matrices of this pattern are paid to be orthogonal matrices * y 

Rij0it angles are very special afigle&; right-angled ^es very ^special 
axes; > we must expect orthogonal matrices to have very special properties • They 
4b. • I<)ok at the pattern again. The'first row is such that 

(cos e)^ + (sin e)^ = 1, 

the second, such 1?hat 

(-sin e)^ + (cos = 1. ' 
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^ Wbdlle adding tWbi.product of tire elements in each column, we have 
« cos 0-(-si'n 0) + sin 0.cos 0 = 0, 



These properties are c^ha^cteristic; if a matrix has them it is orthogo- 
nal; if it doesn't, it isn't. Formally, a matrix 



is said to be ortHSgonal if and only i^ 



+ d\= 1 

AC. + BE^ = 0, 



1*^-5 A tfost Important ' ^eorem , 
^ Given that 



/A B\ 
I f is, or 

D/ 



orthogonal, ought r^ot 



is subject tcrtthe very special condition th^t 

we anticipate some vea^ special relation between the new ana the old coordinates 



'of ^ P? Look at the question geometrically. See Fig. 6, " 




gjleS^rfgifT^ncr*'''^ *P' ^anafn fixed^ no/ matter what thr^rotatlon 

of the orthogonal axe&,"so that the distance OP remains unchanged,^ But if 



OP ^ retoains unchanged, so doe^ its square . And we all remembej: dne of the Very , 
firSx formulae we learned in coordinate, geometry , namely, that the S(3iuar6.<.pf the 
di^t;ance of a point from the oVigin is the sum* of the squares of its, coordinates 
Calculati^ng in the old x,y .coordinate system, « 



and in the new x,y system, 



(OP; = X + y 



so that* 



We have the result: 



Given that 



-2^-2 2 _^ 2 
X + y = X + y . 



0 ■ C 30 



if 



(::) 



~2 "2 ' ' 2 2 
is orthogonal, then x + y = x 



Can ve say more? Well, ve"can at least suspect more*. Suppose* that 



tl»e 



\ ft 

pairs of axes to be obliquef instead of orthogonal. It is no longer true, in 



general, that 



or that 



(OP; X + y . 



— 2 2 ' 2 2 

Of courjse, it could conceivably still he true that ^ x + y = x + y , hut isn^t 
this most unlikely? We .conject^ure that^, ^ , y cfi.nnot (for arhitra^^^j-^^ 

2 * 2 ^\ ^ 

y) he equal to x + y unless | ' ) indeed orthogonal. ^ 

.(The reader wrfo has used obll*que axes will recall that if thq angle he- 
tween them, is o), then in consequence of the Cosine Rule^ calculating in the 



oM x,y system 



pop 

(op) = X + y + 2xy*cos a> 



- 

^'--ana in^'the neV' system 

«^ • . , , ' , > 

(OP)^ =: + .y^ + ^ cos'o). ' ' . ' 

^ * — 2 2 2 " » ^ ' ^ * 

OSius^ + y = X + y .if and onljr if xy - ^'l so that our suspicion is, seen 

to be well founded,) - . / 

.Combining fact with fancy we •anticipate: 

Given that ^ ^ ' * s . ■ 



© ■ C -30, 



-2-222' /A^ 
^ X + y = X + y if and only if ) fs orthogonal. We have ccrimitted 

ourselves to* an opinion. Until we know whether we are right or wrong,, how can 
^ ve decently rest? ' ' ^ 

. We rewi^ite the given matrix equation thus ^ 

^ ' X = Ax + By 

. ' y = Cx + Et/. 

Squ^ing both equations and adding, we get " " ^ 

. *. X + y ^ = (aV + -2ABxy Byy^) "+ (c^x^ + 2QE!xy + D^y^) 

=: iA^^^)x^ + (B^ + D^)y^ + 2(AB' + CD)xy. • (6) 
/A B\ ' ' . -J 

- - If L L is orthogonal, by definition) A^|+ B^ = 1, C^-+^D^ = l^^and' ' 

/ - AB + CD = 1, whereupon (6) gives * < \. 

■ • ♦ •x2^-^^^=x2..>. • ■ . 4 .■■ 

Not surprising, but we would have been surprised at the- contrary. The substitu- 
i tiOn does serve as some sort of ^eck on our algej)ra, doesn»£ it? 
. ^ If for arbitrary x,y - ' ^ 

+ y^ = x%f'^y^- ' * : ' / 

X6) gives . ' '"^ ' ^ ^ 

• . i.; X + 1 + 0 -xy = (A^ + ^)y, + (b^ + D^)y + 2(AC + BD) .xy. ' ' 
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liquating coefficients -'of. this identity 



2 

for X , 



for y^. 



sb that, 



2 2 



0 = 2(AB + CD) 



0 = AB + CD. 

The- matrix is orthogonal} oiir conjecture is, a theorem. 



xh.S A Matter of Notation. 



We have seen that* some ^ orthogonal matrices are characterised by the pattern 



(cos e sin 0\ * 
-sin Q cos 0/ • 



To compute the elements of this matrix givefn cos 0, it is>C|^, ciourse, natural to 

use trigonometric tables. If, for example, cos 0 = 0,5172, we use the cosine 

table to find 0, the angle where cosfbe is 0,5172, and then the sine table to 

> '* * » * 

find the sine of this angle. But tables ;are liot alwajrs at hand, Hov x:an we 

;.. ;■ ^- = • ^- - '--.^ . 

get along without them? Yes, by-^using i " ^ 



sin 0.= ^Vl- 

With cos 0 = 0,5172, we have, witKoW usiil^ tables^. 



0. = rl - COS(0, *• 5 

:KD&e usiil]^ table!'' . 



. * Sin 0 = A - 0,5172^ 



. To indicate our dispensation from the need to use tables, we put 2 = cos 0, in' 



consequence of wi^ich sin 0 = y 1 7; Cos 0 - vl - 2 , 



and write the above typical 



oarthogonal matrix with the notation 
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We have said the same thing, yet with aj different emphas^is. 

Has, now, every orthogonal matrix such a representation by meatis of one ^ 

/A L\ ' \ ' . 
variable z? ^ Given an arbitrary orthogonal matrix ^ ^ , let vjs replace thfe^ 

letter A by . z. Since + = l/y^\see that B = A - z^ vheie the * 

'square%oot may be taken ^either positive or negative. Next, the condition , - 

AC + 3D = 0 now reads zC + A - z^D = 0, , Hence, we find | -ij/l - z^'; this ^ 

fact can now be stf^ted as follows. There exists a constant a such that 
^ » 

. C = a^l - z^, D = "oz. Since; finally, + JD^ = 1, we conclude ' , ' 
a(l-.z + z)=i-l and a = 1. This allows us two choices for S, namely, 
a = +1 and a = -1* Hence," the iost general orthogonal matrix; has the form 

Jr. 



^r-p 7 I or ' - I y » 

z z / V/l - z"^ i 

) 

Only the ;f^rst kind of orthogonal matrices occur under rotations of "the'coordi- 
nate axes. t ^ • ^ 

What is the meaning of the second kind of orthogonal matrices?. Let us 
.specialize and^hoofee' the convenient value z = 1, Thus, we* are led to the 

/I o\ ■ ' : ■ , ' . 

matrix I I which i& of the exceptional fonri. As a matter of ^act, the 

\0 ^ .1/ ' - . ' ' 

knowledge of this one particular orthogonal matrix allows us to bridge ovei; f<rom 
V J. ^ . ^„ 1 ...... ^ _ i . >-i^ 

all orthogonal matrices of the first kind to all orthogonal* matrice^ of the sec- 

ond kind. Indeed, the rules^of matrix multiplication yield the identity 

iVl - z • -z 

as you may verifV^s an exercise in matrix mult?.pliCation. 'Thus^ each orthogo^^ 
nal m^trix^of the first kind becomes an orthogonal matrix of the second kind 
multiplication with this particular matrix. * ^ 

^ Let us now interpret the meaning of the tr^sformation 

Q " . ^ C) (o *i)(y) 





zr - V ^ " '-^ 

which takes, in non -matrix ^'orm, the ^following shape: j 

Yuu call easily verify that this transformation takes place if we kee^ our coor- 
dinat>e axes but direct the-po^itive y dirfeation in the jopposite sen«e, Iri 
other words, we reflect tlie^y,-axis on the x-axis .as if the, x-axis nex^a itfi 
Clearly., under such a coordinate^ "transformation the distance from tl;e otl 
also preserved. The transformation conlidered is caU»ed a reflection. We 
thus,p.roved that every orthogonal matrix can^^_^x^'s^ed as^'a matrix belonging ^ ^ 
, to a rotation or as a matrix which is 'the'' prpduci"^ ^f W^^t|i^ry rotaiion and'vJJ^, ' 




the special reflection matrix I !• ^ '^'] ^ l^ 

\0 -1/ ^ . 

In general, the mathematician bewares of changes of coordinate' systems ' 

which involve a reflection^ One is accustomed to drawing the y-^i& and pc-axis 
in such a position that the first axis is obtained from the second by a rotation 
in counterclockwise sense. This is the so-called positive- sense of rotaltioh. 
If we^ make a transition to a new coordinate system by reflection, ^cjiange the Ji,.^^ 
orientation of the coordinate axes, ^hey go nbw over into each other by rotat- 
ing the X-axis in the clockwise (negative) sense, - * 

We can assemble the insight obtained in .this section in the following 

\- ' 

V ^' - . . - 

theorem: ^ , . ^ - ^ ' * ^ - -^.^ - 




Theorem A: Given that 



a- 1 :)o 



is a transformation twhich preserve's the orientation of the coordinate areas and 

' ' 2 2—2 r-2 > 

preserves the distance from the origin x + y - ^ + y • This holds if and 

only if ' . ''i , ' - 




1-2 Z 
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-^now in a position to see how a man who knows his matrices can 



deduce \('lf)./\ 

le.mrgues : 




^li^a one«to-one correspondency l^etween (x^yT and (x,y) 



^'^th^ reWrV must be linear, i»e., of the form 



Aiid si^ce t^J^5^ent^t%n of th| coordinate .axes is not .changed and the distance 
eit 



OP 'r^emai^ns,inv8triaSit/>\A 

H -2 ^ -2 2^2 




We have ii^ conse4uence -^f Theorem A "\ ^ 



X = 2X 






r 



4 



vj. - z * X + z • y . 



To asfe;Lgn geometrical significance to 'z, it is convenient td take x = 1, 



whereupon , 



y = -Jl 



'From Fig. 3 it is obvious that x = cos a, y = -sin (the minus sign because 



^ 'QPq has^tlie opposite sense to (Ji) , so that 



^ ^ ' z = COS. a 
. ' '/ .^/l - z?^="s{il''a. 

Thus,. U) follows immediately, ^ , 



Effortless? ^^is is^ hitting a nail with a power-driven hammer. 'For us' 

^; . 'J/ / ; - ^ , 

muscle-driven hammers are a thing of the past. Arid bashing^ away with stones? 
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Oh, that sort of thing belongs tb cave-man mathematics, - 

Although (iX could have /been deduced even more succ^ntly, I have preferred^ 

the pres'^ent argument because it ,is echoed-- albeit faintly — in a subsequent - _ 
. . ^ - ' •* ' ► 

argument, . • ^ _ 

. - - , - . • . ' • - ^ 

If ,8 ^:Sum . . ^ , > ^ 

^By considering, orthogonal transformations in some detail,"^. I have tried to 



typify what matrices are good for Iti mathe^ititico. And by emphasizing the rough 
analogy between nailing vil|i and without haramw;^ and doing algobra with and 
^without matrices, I have twied to, make it easier to appreciate the facility af- 



forded by matrix technique 
ciation; in particular, th 



over the mathematics of Section k.3 for yourself. 



^^-^^ rfeom^mtyix Theo 



But do not mistake analogy for mathematical appre- 



J re is no substitute f9r working out and pondering 



em to Relativity Physics . 



Here my main objective, you will recall, is to show how relativity theory 



arises put of matyix algebra used with bold imagination. ' This pa.rt is mqre dif^ 
ficult, although not mor(j difficult matltematic^lly , ^ More difficult because, 
uxilike Part 1, it demands that you — how shall I put it? -- unthink firmly- even 
if uncritically-held notions. 

The "l^sic relativity problem arises out of trying to state with mathemat- 
ical precision whd.t we can mean wheh we use the phrase "at the same time* or 



say that two events were 
matrix algebra? A good 



simultaneous . Ahd what on earth has this to dd with 
question, a very good questiom, bu1f*let us not get ahead 



strangest motive for the 



if .'9 A The Mchelson-Morl ey Experimen-p 
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ft of ourselves. It is belter first to appreciate how the problem ai^se; the 

reception of new notions is the failure of old' ones. 



- % J* 



A, A. Michelson (l 35 2-1931)")" awarded the 1907 Nobel Prize Tor Ehysios, .was 

J, 129, 



one of the worlg.'s greatest experimen-^al physi^i^ts. % is perhaps xbest intro-i 
•duced by the following anecdote: Asked by a father if his son should be encour- 
aged to continue his studies to become a physicist, Michelson is said to have 
replied, "No, i advise your son not to study physics. It is a'^dead subject. ^ 
What there is to >jiow, ve know— except that possibly we couid measure a few' 
, *hings,to the jsixth decimal place instead of the fourth," 

The irony of the story- is that Michelson is the^an whose e^^iments led 
to such a revolution that we have learned more about physics in the last sixty 
years than in all the preceding centuries, ^ 

^ • >jt"this ptory is revealing as well as ironical, Michelson was a man with 
a pas^on for accuracy, a man who measured everything to the sixth decimal place. 
He had, in particular^ in the late l870»s, by most ingenious experimentation 
measured the velocity of light vith'hitherto unheard-of accuracy. The velocity 
of the earth in its journey round^the sun having been determined with fair ac- 
'curacy from astronomical data, Mi(|h^lson's next ambition was' to reiheasure, it 
himself-- to the. sixth -degimal pl4ce. With this' cJb3eotive in sight, in 1881, 
SLSsis-bed by Morley, h/made the experiment that was 'to make them famous/^ the 
Michelson- Morley Experiment. ' ' ' 

The concept upon v^ich this experiment was based was simple, 'suppose that 
we put a *ran^tter T and a receiver R a certain distance apart on the sur- 
face of the iarth and measure the time taken foi^ a signal, a flash of light, to 
go ftom T to R, See Fig, 7, ■ * ^ . 
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*The4 signal sent from T with the enormous velocity of light c 'has ta overtjakS 

ft which is moving ahead witli velo6ity the velocity^of the earth. The refore . ' ^ 

it has velocity c - v relative to R and in j:p_nj^^ce will .tai^a^ "^^j 

'.X^toore Jiime to reach R than it would if .the earth wei;e at rest; And \t a re- 
• _ * , , 

turn signal is se^'^h'om" R back tp T it is approached. by T -as it approiaches — 

so that itB velocity relative to T is c + v. See Fig. 8. ' 

■ • V ■■ 



Therefore the return si 




,Fig. -8 



will take less time than it would if the earth were 



' at rest and still less tAe than^the, initial, outgoing signal does^ 

Let us describe Jbriefly the ingenious experimental arr^ngeme;it to cafj:^ 
out this observation. See K.g. 9- ' . 



^ Lijght source L 



; r 
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K.g. 9 




We have a light source v L which sends a light rdy in the direction of the mo- 
tion of the earth. This ray falls on a mirror M which 4p partially tr^nspar- 



Si and stands \mder an angle of wf, against^the incoming ray. 
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Thus, a part 



1 



i 



... < , 

^of the light is reflected under 90° t^ a mirrpr". and a part goes, through ^ 
to a mirror M^. Observe that the IJght ray has iav beeii split, up into tvo 
rays; one moving along the line M^M^, that is, perpendicular to the earth's 
motion, and- the othei^ moving along M^M^ ' parallel to the earth's motion .^Bptli - . 

' rays are reflected again at the mirrors and ^M^ ^nd return to th? trans-" . 

•parent mirror M^. Now, .part of the vertical light rdy M^M^ passes through... " 
Mj_ and goes to the objective" of an interferometer J. At the same tiie a paii . 

. of -l^ie- light ray M^l^ is reflected at ^ atid also enfers into the same. ' 
interferometer; Bius, we mix in J the' light of Wo different travel histories. 
The tvo types-of light differ in their part by the difference in t&e which is' 
necessaiy to travel from to . and back asf compared to the time which .it 

takes to travel from ' to and back>-L^ do not; need to know the opera- 

, tion of an interferometer. It is sufficient to know that such an Instrument is 
sensitive enough to compaipe light r^ys coming from the same origin but having 
spent different times in travel. Being mathematicians, we «hall rather calcu- . 
late the expected difference in travel time the instrument will measure'. - 

- ^ , Let i be the distance between the mirr9rs .and M^, 'and and . 

which, 'as you see, we assume to be equal. The traveljtime .from^'M^' to 

land back is eiiidently , . . • 



T 
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since in the (forward motion light should travel with the lesser relative velo- * 

city c.-v and in return with the larger velocity c + v, as we discussed ^ 
before. " ^ 

/., . more difficult to find the travel'time from *to M^^^and bacji.^; — ^ 

Let us look at the experiment fron a point in outer space, so that we do not' 
participate in the. motion of the ^ earth. At' the moment when the. ray \eaves the - 
. mirror M^^, this mirror has the position, M^^^^ in spkce^ and V -Sits at the- 

point Mg , ^But, suppose it takes the time |t until the ray hits the'' mirrof • 
During this time the mirror has shifted in the direction of the earth's 

... ■•■ • -132 - ■ " 





Fig. IQl 



It reflects the light "back to 



' \ ' (2) ! / 

motion and sits at^the point in spice 

iL; by reason of symmetry it will take tHe same time ^t to retiirr 

to Mj^. But when the^light reaches M^^ its position in space will 



We know that the dis^ahce M^'^'*"|f to K^""^^ ^±s given by vfc since ^' 



(1 



(3) 



from 



be at 



.1 



is the total travel time and since the earth moves with the speed y. On the 
other hand, the light which* travel^'^wlth speed c had to cover in the time |t 
the distance M^^-^^^^to M^^^^ ^Ehus, in the right triangle ^(\^'^^^^^^^2^^) 
AH three s^Ldes ai:e known, as. indicated in Hgure 10. Ety the/iythagorean theo- , 
rem, we have - / ; , ^\ , , ^ 



travel' time i 



. / = - v^), ""thkt is/ t 

^ ...111 A ._.^..r->.^^i:'^ 



. 2£ 



■/c - V 



— 



from 11 to '^:i^not the. same as .that needed, to. ^0- from ^ y\ 
to Mg. The rs^tio of travel times ia. ^ ^ ! . : Cf-l-^^^^t^l.^ 'Xri 

• *"V ii :jL_,:._ 

This sqimre root which olcurs here in. our ^eme^tary consideration^ is ^ cf^^ .X ^^^^i^ 
teristia for relativity theory and "Vfiil occu:i? later in quite a different, vay* ;\^//J^^^^^^ 
" The atoye. .reasoning allowed Miphelspn. to |)redlbt a time different 




, travel tliae and to, ad Just his instruments in such 



, , , be'*Bafely measi^red. 




necessary to achieve the accuracy that Michelson demknde/mMe the actual exper- 
imental set-up a hive of ingenuity. As I have said,' Michelsoi^ ras one of the ^- 
vorld>s' greatest experimental physicists. Indeed, he achieyed such accuracy 
that he woul^ have been aile to detennine v/the earth's velocity, even if it 
had been moving phly one tenth as fast as it does. 

» 'Michelson made ^tljp/measurement and created a scandal' in jdiysics . What . 
value for- v did he get? Zero. Yes,^ ZEEO. The flash of light takes precisely 
the same time to go from T to R as fVom, R to T. But this is prepostemis. 
Even the small boy vho steals apples from an 'orchard' appreciates the importance 
of relative velocity -'- even if he cannot spell the words. He Know^s perfectly 
• well that to escape a good hiding he must continue^to run away from, not towards, 
the wrathful fanner hard in 'his pursuit. But surely there can be no 'difference 
in principle between being chased by a fanner and a flash of light? The flash 
is more fleet of foot/ that all. 

Physicists fcould ,not believe their eyes. The Michelson-Morley .experiment 
was^i^epeated again and '^aip. Again and aga>n the answer was zero. This" .was 
agai'net-all ufl^erstanding of physics. How, for goodness' sake, could the -velo- 
city of light relative to a moving" object be the same when overtaking the object 
as when moving towards it?; Despite heated discussion, the 'cold fact is, that the 
.velOQity,'.of ligh^is invariant. ? - . J . - ; ■ • .1 • 



h.lO What, Time ^is it? ■; ^ 



After a. discussion of the Michelson-Morley experiment and its conceivable 
fiO^eqii^nces heen pro-lc^nged |i* scientific; journals for SOme twehty'years, • 
Einstein came up^with a' perieti^ting femai-k. "What," he asked, "do we mean by 
saying, that two events happened at Jhe same tiin^. 'now-do we knov that eVery- 
body oan agree what the tlm^ is at this very instant?" 

^ , Iij>--eiiis age of ,jet trayel it is a commonplace experience (that different 
longitudes' have different times. A'telephone call from San Fralcis-co" to New ^ 
York imffediately .confinns a dkffere^lit clock reading there . .This communicationy. 
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made by electricity at the speed of light, i,s so i^pid that for all practical , 
purposes the West Coast inquirer hears the East Coast answerer's reply at the " 
same -time as it is spoken in New York. At thet same time the two clocks record" 
different times, yet neither clock is wror^. Somehow or other clock readings . 
are dependent upon an agreement ^about how we measure time. This remark is silly 
or subtle, as you please. Doesn't it sound ^^eculiar to say thai? ^t the same 
time, different clocks can correctly record different ' times ? I am mindful of 
the visiting philosophy professor who, in concluding his ^dis course^ on Time with 
the renflark,^ ''So you see, 'gentlemen, I do not know \^at Time is," looked at his 
watch — and dashed to catch his train. * • ^ 

, EJven if we dismiss' the-diff erent-times-at-the-^arae-time paradox as "merely 

' ' 3 ^ 

verbal, it is none the less a fact thai w?th interplanetary travel a realistic . 
•« 

probability the business of synchronising clocks becomes of practical impor- 

♦ ' / I ^ 

tance. And cosmic voyaging introduc^e^^a complication not encountered in terres- 

tial travel. Whereas the time lag in hearing ^n San Francisco wh'at is said in 
^ a "th 

New ^ York is abbut — ^ of a second, the time lag in interplanetary communica- 

/ ^ ' 

tion (by radi©" waves with the velocity of light) is a matter of^ minutes, and ^ 

that between th% earth and'the stars, months. 

Suppose, for example, that a radio signal sent by E, an observer on < 

earth;^ to A, an astronaut iji oyter s^ace, 6o' x 18 6^000 miles^ away, .takes ^ 



minute. If E sends his signal when h*i^' clock records 12 o'clock, then his 
V * . ^ 

signal reaches A when his (E*s) watch records 12:01. A, in receiving the 
signal set,s his clock at 12:01. Tq confirm receipt of E*s signal A imme- 
diately signals back. And sinc.e the distance between A and i remains un- 
changed, this return signal aljso taices 1 minute. Therefore E receives* A*s 
acknowledgement at ^2:02 by his '(E's) clock.^ \ . 

This, you will say, is* all ver^ simple. Surely there's no' difficulty • 
At 12:01 E says to himself, -"A is now receiving my signal gent at ^2*: 00 
by my clock and setting his clock at 1^:01, the same time as mine\" And from 
E*s point of view isn't his conviction established beyond doubt by his clock 



reading 12:02 when^he receives A's return 'signal? 

k ^ " I 

» The point is that vhereas' E knovs that he himself, sends 'a signal at 

12:00 by his ,clock and . knovs he receives^ A's* conSirmatory signal at 12:02, 
E (Joes' not know that A received his (^I's) signal vhen his (E's) clock read 

12: Cp.. Qjj^y^a, he Is convinced, but he does not know. He cannot be, in both 

I ^ , * ' 

places a/ once to find out* He has no method of direct verification, * 

i^...^ • ' ^ ' 

, . To Synchronize clocks by means of light or radio signals, we must know 
th^ velocity with which our si^ls are transmitted, but ^o deteimine this velo- 

Jr^fy^ we^must know how long Ihe transmission takes. To attempt to, synchronize* 
clocks without knowing the velocity of light and to detemine the velocity of 

^ light without using a clcTck^ is just as futile as to try to produce hens without 
eggs afid eggs without ^'hens . * 

/ ^ ^ ' ' 

It is 'Arguable that if eyewitnesses to E's signalling A are separated 

^ '- , ' ' , 

7 by great distances, then they must report vastly different, yet equally reliable 
opinions of the time indicated ^by his (i's) clock ;i^en his si^al reaches A, " 
All very confusing. To go in1k> great ^detail is to invite great confusion, 
Hiysicists went into very' gr^eat detail. Many pn-paper experiments were ,made in 
which people frantically set their watches as they hastily got on and off 
trains, trams boaiS, and bicycles, scheduled for immediate departure at velo-r 
citles^near that of light, ^cienti^c ^Journals were' full df these wild 
* excursions, ^ ' > 

Of course, it is easy to poke, fun. The physicists *were Stle, serious- 
minded peopl'e, trying to figure out an important problem. Their real difficulty 
was conc^biaj^at^^ qUite literally, they/didn\'t Ijnow what 

^hto?^we£e talking about , Whereas we all know well enough how to use; the cbn- 
cept of time ^in everyday conversation, we aA at a loss when we ^ome to map its' ^ 



logical geography. 



v/^^.ll The Space-Time . Transformation Problem . 

The 'matter vas finally cleared up in 1905 by Einstein* He did two. things 
of the greatest possible importance for physics: (l) He saw more clearly than 
any^ of his contemporaries what the basic: problem is and gave it precise mathe- 
featical formulation; (2) He^ solved it. The first is by far the more difficult 
achievement . - c ' • ' 

This sectior\ I shall devote to (l), the next to* (2). . 

Although Einstein < 1879-1955) vas an imaginative thinker with his head in 
the clouds, he had both feet on the ground. He (Jid not spend several years in 
the Swiss Patents Office for nothing. A professor of met'^hysics would have 
asked: "What is Time?" or, "What is the essence of Time ?" or more^* recently, 
"What do we mean by Time ?" Eiiisteinr, on the ^contrary, asked: "If a happening is 
observed by two persons, hoV*are the one maa^ai^answers to tfie questions, 'iWhere? 
-When?* reJ-fiLted is the othejr^'s? He looked for an answer in terms lof measuring 
rods and clocks, not essences or semantics. He was a professor of physics, not 
"^^^ "'metaphysics. . , " ' , , 

Althou^i^^Einstein was primarily interested in observers astronomical dis- 
taiices apart'J^^tnore homely exposition Results from bringing them down to earth. 

Sq is'*a man who is standing at a railway ;track in the darkness, of the 
night,**and T is a tree by the side of the track\4|starice x in the positive 
direction from See Hg. 11. The notation stands for Standing StiU 

at th^ Origin of the Stationary System; "i" you can figure out ^or yourself, ^v. , 



M , X ' 

r O -.^^ _ ' 

\-4- -f.>+ 'Moving . 

System 



! Flash of light 

- ♦ * - ^ — — ^ • — * — t:>^ + Stationary 



^o V ' ^ T , System-,^- 



(x,t) 



7 Fig. II 




- ' • * * 

is an engine driver or .motorman who drives a train along the track in 'the 
' Ik • ' 

. -positive direction, He measures distances from where he si^^ in his moving cab, 

* « 

ahead positiva|^ behind negative. And since he moves with his train, the dis- 
tance ef the tree from him is, of course, changing as h^T^in moves along, 
me notation stands for Motorman who ^is the Origin 'of the. Moving System'.. 

When in his locomotive thundering along the track passes S^, they' 

synchronize their watches; each sets his to zero hour. sets his t = 0, 

and Mp sets his (a different , watch, so ve must use a different letter) t = 0. 

Also 'when is passing him t i.e., when t = <5, t = 0>, flashed a 

powerful lantern in the positive direction of the track." AMost immediately- 
' th* tree is made visible to both and for an instant by the passing ' 

flash— just as it would be by a flash of lightning. says that he caiight a 

glimpse of T at a distance x fran himself at time t; M. says that he - 

glimpsed the tree at a distance^^ x from himself at tlj^e t;^^ Whereas S de- 
- 0 ^ 

scribes that the tree was momentarily visible as the event (x,t), M describes 
it as the event (x,t). 

We put Einstfein's^question thus: "if a happening* is ofcserved^ two men, 
how are the one^man's answers to the questions' 'Wherd?^ »Whe(i?» related to the 
other ^s?" It now takes on a more mathematical tone to become: ^ What are x iand 
t ^in tems of X and t? Or, mindful of ii^trices: What is the transformation 

. Very possibly you are tempted to say that, wli^reas x and x are differ- 
'ent becatise M^' is m'dving ^d ' sj i^ Uatiprkiy,^ t/ and ' t must ie the same. 

Do not be intimidated^ by practical' cohcern wit^ sm4ll scale terrestial 

/' ^' ' ^ ' - • 

experience. " / * i 1 , . \ ' . ^ * . 

And although nop concerned vith the color of ithe engine-driver's socks, - 
you may be temptad'at .this stage to introduce v, the velocity of the' trains 
This would be a^ mistake; Eir^stein ^ept thi problem simple . 'we all k^ow the 
maxim, "Put first thihgs f±X.st"; h6 knew which things ^re the first things. 
His thinking wlas incisive . ' " ^ ^ ' / . . 
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What is rAevant? Let us cast our minds back to orthogonal matrix trans- 



formations. Our problem then was to go from [ j to | h our problem now is 

M /x\ • W J> V/ 

to go from I j .to I I • ^ere is a similarity* The previous transformation 
is linear "becduse of a one-to-one correspondence between x and x -and y* 
and y» Yet for any happening, foi; example, the momentary vi;sibleness of the 
"tree S^* has jus*^ one description (x,t) and ^ust one description 

(x,t)» To^the unique description of an event by there corresponds a unique 

description of that event^^y M^, and converse^ly* We H^st conclude that the 
required transformation is linear* It being understood, as previously, that the 
^.etters A, B, C, and D stand for nupibers independent of x,y and x,y our , 



present problem" becomes: 
Jx 1 

Given that 




/ 

'^Yes, find I K But subject to what conditions? The only thing we 

\C D/ 

know from experience is the result of the Midhelson-Morley experiment, that the 
velocity of light is invariant > And hov are we to make use of this condition? 
We must inject it into the body of the problem* 



Refer back to^Fig.ll. First consider S^*s 'Stationary %stem. What is. 

the relatioh between x and t? 'The flash of lig^t is at x = 0 -when t = 0 • 

^Where will it be after time t?, Taking c, as is cu's'tomary, to-be '^he velocity 

of light, • ^ <^ ^ ^ 



X = ct 

> ' . Mi 



Thi§i is 'supposing, of' course, that the' flash moves in the positive direction 

along tl^e .raljway track. But this supposition is too restrictive for our pur- 
1 i ' ^ "t ' * 

''pose's j' it couid well be that Sq flashed*his lantern in the oppQsite direction 

, to aj treb "T»r"See.Fig. 12. ' » m* ^' ^ 




^ ^ o 

• •♦"TN^ * >• + ^bvillg System 

4 — 0 Flash ^gf Light ® 
— ' ^ 7": 7-^ + Stationary. System 

' ^ ' (x,t) ^ N • ' 

* - Fig. 12^ 

. - so^ having due regard to signs^ the velocity of the flash would be -c\and 

J X = -ct 

' i.e., 

X + ct = Oi^ * , 

Needful of -coping with either possibility, it is more convenient to handle th%n 
conjointly. By multiplying the two equations together, we have 

(x - ct)(x + ct) = 0 . - 

^ 'A 

2 2^2 ' ^ 
X - c t =^ 

And since, if the ;|^^^HCt of two factors is 0, then at least one of tliem must 
**-be 0^ this equation covers both the possibilities. 

Next,, consider M^'s Moving system. Because the velocity of Ij^ht is 
^ invariant, M^'s movement makes no difference to the velocity with which a 
flash reaches him. ', In c'onsequehfce^ similarly, x and ;t are* $uch that ' 

X - c t = 0. 

I Ik* 

Proa the last two equations we have ^ « 
' • * ' -2 2r-2 2 2^2 . 

. ^ 

This is the condition to which the required transformation is subject. Thus, 
the completely mathematical. formulation of Einstein »s space-time transformation^ 
problem is: ' ^ ' , ' > 

o- ^ ' ' 140 ' ■ • < ■•■ 
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Jjiven that 



C 3(3 



subject to the condition that j 

, -2 2r2 2 2^2 * 
• * .x-ct=x-ct, 



•find 



(c d)? 



By discovering, this *trans format ion, Einstein opened up a new world and 
-ehanged^ our ideas of space and time. 



it. 12 Elristein's Solution . 
Recall Theorem A: 



Given thg-t 

0 



^ Q d) (y) 



if ■ 



preserves the orientation of the coordinate axes and the distance 
/ • 

'-2 ^ -2 '2 2 

X + y = X + y , 

f,^ it must- neceajsarily have tbe form . ^ ' 

The -re is a similarity, yet only a partial similarity, between 

' , i 

• , ' ~2 ^ -2 :v2 ^ 2 ■ ■ ' • ' ' 

«and . ; • ^ 

'x^ - (ct)2 = ^ . (ct).^. ^' • , . 

Also, just as we do not allow a transformation x ^'"x, y = -y ' which de- 

stroys the* orientation of our coordinate system, we canrfbt allow a ,traosfoima- 

— *— '' '222 * 

ision^ X F X, ct = %ct in spite of the fact that x - c t ^-would be unchaiiged 

under such a .substitution\ Inclined, the transformation t = -t would inte; 

ERIC * • Ul 



past and future and make clobks run backwards* It is a'-aSep'philosopriical ques- 
tion what makes time run in a unique sense and why w^e cannot change its course 
by physical devices. We cannot discuss this problem which has b^en the despair, 
of wiser men. But ,we ^cajv i^se the fact that ^past and future xjAnnot be Inter- 
changed to exclude the Special transformat^ri x = t = -t which plays the 

same role here as the reflection played in coordinate transformation. 

' f * , ^* 

Thus, had the minus signs teen plU's signs, with the substitutions ct y, 

ct = y, Theorem A woulA have been immediately applicable and our problem solved. 

What a Pity. , , , . , , -5 • 

^till, wishful thinking has ijts uses. If we do not makp^iaWrf.s^/ ^e do not 

'have a wish, to come true. How can we change * ^ ^ P iff ' ^ Zt \( 

.< -2 ' 2^5 2 2^2 / ^"^ik^ 

• x-ct ==x-ct ) ^L- < ' 



into 



—2 2-2 '2 2 2 ^' 

We cannot,. i^Yet if we^ ^annat have all our wish, can we have a* part of it? . We * 

• write . . ♦ p. . 

^ 2 2^2 2^2x ^ 

^ ^ x-»ct=x+(-ct), ^• 

This is a little better; we have introduced a plus. And remembe'^ing conven^ ^* 

iently that i = /T, we have*^ - ' * » 

\ - 2^2 , 2^2 ' ,2 2^2 . • ' 

^ , -c t = -1 • c t i c t 



so that 



and, similarly. 



Therefore the condition 



x^ -c^t^ =^\^ + (ict)^ 



-'c^=:^^+ (ict)^- 



-2 2r2 2 2^2 
x»-ct =x - ct 



may be replaced bythe condition 
' ' ' ^ ^ + (ict)^ = x^'+ -(ictj?. 
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Thus it would seem that the^best ve can do is put 

' ^*-y = let, y = ict. 
With thesa substitutions Theorem A becomes: 



(l) = (? 

Vict/ \C D/ \ict/ 



Given _ , . 

« x2 ^ (,^^)2 ^ ^2 ^ (,.^^)2. ^ _'^2^ ^ ^2 ^ ^2^2j 

if aaid only if 



In consequence 




so that 



y ? 

X ^ zx +.vl - 2 • ict ' 



ict = -/l - z^- X + z • ict. V^r 

We have succeeded, at least in a formal vay, in deteiroiping the necessary 
transformation between x,t and *x,t. 'We seem^^owever, to have piaid a hea^vy 
price for -it; there is this wretched number i. Of course, a clock can xecor^ 
a time t ,or a time ct, yet no clock can record a time ict. Must we 'con- 
elude these eqi^ati^ns to be without^ physij^ial significance? 

Consider v-o • i. Thi^ is a ^heep in wolf's clothing. Since the noi^tion 
^contains the letter i* it is natural to suppose • i to be an imaginary 
numbei*, yet -/^ • i = •.TTE A-6)(-l) ^ a. real number. Are our trans- . 
formation equations imp^ters, also? ^Jfet .p*.imcloth?t t^^ 

Writing iPl for i in the first equation ♦ , / 



+ z • 7-1 ♦ ct 



iko ' 



Making the same substitutidn in the second equation 

ct = -Vl - 2^ • X + z/T- ct 

' • dividing 'troth sides by vQ!' 



7 

ot = = — -x + zct 



'2 - 1 • X + zct, (2) 

o 

Real coefficients I Provided z > 1, , 

Echoing the argument of Section k.T, it remains to determine the physical 

significance' of z. We return to the railway track, M speeds through the 

night sitting in his engine cab. He says, ^"I do not budge' ah inch; 1 m x = 0' 

Sq s^s, "Oh no, to the contrary, you are moving very fast, you have the same 
t 

\ veloci4;y v as your train." Putting x = 0 in (l) 
^ ^ , ' , 0 = zx + /z^ -1 • ct , * ^ . 



l.ei,o 

. X = - ct. 



And since, when, t = 0,^ x = 0^ this equation tells us the distance that M 
has traveled from in time \b (by S^^s ;fetch). x,^ th"e di stanch traveled, 

o ^ is prop(|rfeLon^l to^ t, th^ timejtaken'by tl^e factor " /q ^ jc , But, ^s evei^ 
- , * schoolBojjiflaiows , f - * , • ) / * 'J 

^' • ' ^ » ' ' # ' i ♦ 

distance traveled = velocijby X time spent traveling. , 

' -i. ^ . I i ' ^ ^ 

So? The velocity v df , and his train relative to- and the track is 
given by • """" ^ ' ^ , ■ . ' * 

* • V = C " . • 

whefe;^ V is ^eal when trie above condition^hat . > 1 is^Uatlsfied. We have 
found the physical si'gnincance of a function of z. This suffices* 

Witfi the r^axk that it is convenient to begin by writing (l) and 
mutatis mutandis (2) --in the 'form ^ . ' I ^ 

o- ■ ^ 144 . --. • ■ ;■ 
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I leave it to' the reader to show that 



— X 

X = 



^' . 2 

c 



V 



'-7 



(3) 



{ky 



\ 



This is Einstein's solution. 



In brief: Given that c, the velocity of light, is jLtivarlant", if de-^ 
scribes arf event as happening at a distance x from himself at time t^ by his 

vatch and M^, who is moving with velocity v, describes it as happening at a^ 

J. - . Y 

^ distance x from himself at time t by his watch, ,then the relations between 

x,t and x,t are given by Equations (3) and (k) * 

We recall that the completely mathematical formulation of Einstein's prob- 

X 

e 

lem-- expressed in matrix notation — is: 
Given that 



{• :)C) 



'is subject ^ovthe condition that 
find ^ . 



-2 \ 2t2'^ 2 
jc -i c t X 



2^2 ' 
c t , 



(::), 




It is fitting to conclude this section by giving Einstein/^ answer in the same 
notat ion > A. moment's thought will show that (i) and^^./^ may. be. written as 
follows: * / . ^ ^ ; 
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^The matrix 



2 
c * 



• ; 



'9 



first expressed in^this fom by the Dutch physicist-JU^rentz *(l853-1928)/ is 
known as the Ix^rentz matrix.. " Such matrices are analogous to orthogonal liiatrices} . 
they constitute a group. The given matrix, ^when mult;Lplied iy a similar mat rix^ 
vith only V ' replaced\^iyes another "matrix of the same form. - ^ 

To consolidate this knowledge you are'aslced to work out. for yourself an 
elaboration of Einstein»s problem. We introduoe^'a s^cW moto^n k, , ^fte . 

origin of the moving -system ix^^), who driyes hi^' ih the'/arae direction > 

<\ J. - \" 

as drives his on a parallel traclTf ^'Hg. 15; ^. . ^ ^ 



i 



Stationary 
.System 



1^* Moving System i ^ ) ^ITi^'^ ^' 

O-j 




■(x,t) v.. C 



■ 7 



9> 



passes 



J F 

When X = 0, t = O- and' x =. 0, t = 0, a]jso T rW, J.=- 0 (i.e., Mj_ 
Sq jirtien does^, and all three synchronize their watches.). Given that 



■ \ 



14 



moves with velocity co relative t£ M^/ by using *Lorejitz matrices in a role 
analogous to that of orthogonal matrices "in SectiopA.3; deduce formulae for x 
and t in terms of x,t* Confirm your answer by considering the motion of 
relative to S^. r . * 



4.13 - 'Bins toxin's Achievement > — — 

I have taken great pains to try to make Einstein's formulation of "his 
space -time transformation problem and hie solution by matrix algebra readily 
intelligible to the reader who will give tfee;n his serious attention. Being wise 



after the event, it is difficult to appreqiate the magnitude of his achievement • 
Now tha£ we have the comforting assurancen^f a well sign-posted road that we ' ' 
will, reach our destination, we f org^ that Vhen there was no road there was no .^^ 
road to follow,. Yet, making the road^as the e^sy part. We forget absolutely 
that without a new destination, there could never have been a new road'. Einstein 
had to see that there was a place to go to before he could figure out how to get 
there. , ^ • ' ' 

Analogy will help us to see his achievement in perspective* 
Given a hammer, a bag of hails, and thQ instruction, "Get busy,** what 
does a boy do? Drive a few nails in the wooden floor? P\m for a youngster yet 
unimaginative* Or, drive a nail in the door to improvise a hat peg? That's a 
more intelligent thing to do* Or, .drive dozens ofv*&iils to make dozens of hat 
pegs? The boy who does this runs of ideas»before he runs ^ut of nails. But 
what about the highly imaginative boy? He drives his hat peg nails into the • 
door up to their heads so that their points stick out on the other side. Why, 
don't you see? Take the door off its hinges — and there's a fakir's bed of 

nails Not every Tom, Dick, or Harry would think of that. It takes^ imagination, 

f ^ ^ . • 

What's that you say? A crazy idea*; Come to think of it that'^ jusr what a lot. 

• ^"'^ 

of physicists at first said about Einstein^ s 1905 ^l)ace-time transformation 

' - - X 

pape;r. ' 



Einstein"^w what contemporary mathematical physicists failed to see; he 



' . V . ' ; ' ^ • . " r^' • • 

saw how to "get busy", He'iid vhat his aontempor&ries failed'to doi' he used » 
matricQs^witl^bold fmaginatipft/ • . j 

h*lk Important Consequences | * ^^/^ 

Equations (l) and (2)^ '(p^g^l^^^)*^ are the ^asis of Einsteip's Speci-al 

Theory of Relativity, We ma/ or may not ^^^ispdsed to accept .them, >pui Aether 

oy not -we like it^the fact remains';, that these are necessarily consequences \)f 

the invariance of the .velocity of light • '.1 ^ \ 

In this, the final s'ection, we shall consider three major consequences of 

these equations, consequences -that sliatter our complacency » To aJcept the basis 

of the Special Theory of Be]^tivity without accepting its consequences is illog- 

ical» If we, are willing to accept= the evidence of the Michelson-Morley experi- 
I ^ 

ment^ we should likewise treat i$s .logical consequences, ^ 
U.) ^stef astronauts age more slowly , 

>We return to the railway track again. Suppose that sees the tree, by 

the track momentarily made visible by the flash of light from his lantern at . ' 

12:01 by^his watch, i,e*, ;^en t = 12:01, Does see it before or after ' ' 

Sq? Remember J:hat they sj^nchronized their watches when M. was at S In 
4 ' • 0 0 

Other wor^s, is "t less than ®r greater than* t? ^^'^^ ^ ' ' 

Since' remains at the' origin of his system = 0, so that (2) becomes 

•. : ■ . f -? ■ . . 

And since the velocity of the train v is. of course, > 0- * 

♦ / Y 1 ^ 

- ^ ' • ' t,>t. , * . (2) 

Therefore describes the event that the tree wag momentarily visible as 
^m^r , ^ , , * • ^ ^ 

; • occurring laterl^ Suppose,. ^ be definittfV sayd that th-^ event 'occurred at 

■ 1 • . • ■ . ' 
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that 




12:02. What does conclude? He says, on the basis of the event, timecl%hx:' 

his watch as happening at 12:01 and timed by the moving vatch as not» taking 
place until 12:02, that the moving vatch runs fast and that events as described^ 
' by the moving man lag behind the same events as described by himself • 

Although equations (l) and (2) are simple, their physical application is 
most difficult; it makes no concession to rauddle-headedness . We must be clear 
that t is the time recorded by a watch that moves relative to a vatch that 
records time t.' (l) may be expressed , ' • 

' ■ ' moving clock time = station ary cloc k 4ime ^, ) 

and (2) 

moving clock time >^ stationary c^ock time. (2') 

Oppose the statian master has a stop watch vhose h^nd makes a full turn 
in one second. The motoman vould think that the stop vatch is slov because in 
his opinion the time t for such a turn is more than a second. But suppose he 

A.' 

is given an identical stop' watch. Then he will now say that his own stop watph 
is correct and that its hand makes one turn per second. However, the station 
master looking in will conclude that the engineer's stop watch is slow, since he 
moves relative to the train and now his time scale is increased. Thus, the to- ^ 
^tal consequence of (^M is as follows. A process of physics which would take at 
rest an amount of time t ^appears to an oljserver moving relative to it as longer 
If you ask, "therefore, who of two observers is more justified in ascrib.ing l^inie 
to, a given physical phenomenon, we sljpuld say that that observer will have the 
better ju(fement who rests relative to the apparatus or phenomenon vhicji is to be 
judged. ^ , ^ 

Equations (l*) And (2') have most important consequences for space travel 
^t^;y^''-oci'^i®s near that of light. / ^ ^ • 

We now supijose tp 'l^e an as^^tronaut heading straight for a, distant star 
" "'l^om^the^eartir^t ' S^.' When he is hiirtling through outer'space with velbcitji, v, 

O ; , ^ 4 9 . . ^ 
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his clock, which measures time t, is at res\ relative to him/ and the 'terres- 
tial clock, which measures time t, is moving ijelatiye^^o him . l^iis 'is the 
crucial point: In M^'s experience, t is his local or stationary clock tim^e, 
*t is terrestial or moving clock time. And since "he moves at velocity v rela- 
tive to the earth, the earth moves at -v relative to' him. Buf' iny)f = v^, 
.so that' by {V),^^ " v < . , 



i.e.. 



^ *M^*s time 
terrestial clock. time = — 



Suppose, -to take a concrete illustration with easy arithmetic, that M 
travels with the velocity of light. With v = c 1^ = -21 

that . " ' , c . 



so.. 



^2 If"- 100 IflOO " 10 



and 



i.e.. 



10 



Thus the duration of Mq'.s experience in traveling from the eetrth to a distant 
star at a velocity of ^^^^ c is only one tenth that of the terrestial obser- 
ver's experience. *' . ' -, , 

Oppose that according to S^'s watch takes 200 years to reach the 
distant star. Had M^^ set out at the age of ^, his .body would be 525 -.years 
old when he^reache(i his destination. Surely he would have arrived a corpse.' T 
No, t = 200 yearT^ls the duration of the flight la "the experience of "s^ aild 
his de^scendants, the people who sts^ at home. M^, th'e man who goes, livesjis^-^ ^ 



;i:eric 



experience in his own time t, that of the watch he takes with him. Wh^n 

t=.200, t = Yq'200-= 20. Mq wiiriDe 1^5 years old/ not 225, when he, 
reaches his destination. 

That the faster an. astronaut travels the more slowly he ^es gives u$ 

hope of men living long enough to visit the stars, all way out beyond the solaf 

^ . ' *' 

system. Yet you ma> be disposed to retprt: Siich subt;Le arguments are goodj 

clean fun, but would any hard-headed astronaut be prepared to set. out oh .A 
200 year journey because it had been argued by a few long-haired professors that 
he would he only 20 years older when he got there? Not very likely. If I 
. tear a page off my desk calendar and call today the first of September instead 
of the first of ^Au^ast, it doesn't maj:e me any older pl^sically. Next you will 
be telling me .that if I forget to wind my watch, then'I'l^^stop aging when it - 
stops — and jLive forever I . ' ' . . 

» No, the ,p0nt is that each phvsical phenomenon runs its natural course. in 
the system in which it rests, and lif\ is a physical phenomenon. The moving 
astronaut lives his regular life in^s' space capsule.* He does not have any 
benefit from the fact that an observer on a d'ifferent system (which moves'with 
very high speed relative to him) thinks that ^e lives very much longer. At this 
moment there are many galaxies whiSi move relative to the earth ^with fantastic 
speed, nearly the velocity of lightT If there were 'in such a galaxy a star with 
intelligent observers, they would think that we hur^ans are practically immortal^. 
This does not do us much good. However, for such pui^ses this ^i|;f^J^ce in 
aging is a great' use. V/hi-le according to our^system of, accounting, an astro- 
naut might ^need 200 years to reach a distant object,- in his time scale he 
would need only 20 years and thus be able to survive his trip. 

You may be quite bewildered and upset by 'our argument. But remember that 
your experience in life has been in systems of very slow motion, and there. is 
nothing which could prepare your imagination to experiences of high speed travel 

in outer space. Wherever. experience. fails Us, insight and intuition will fall 

r ' \ 

^"''Q-'ie. Our bnly guide is our reason strengthened by mathematical -argument , 
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We might be irrong in our extrapolations, but-ttfttil npw the predictions of sci- , 



ence have been more frequently verified than falsified.* • , 

^ Do you know what 'a, radioactive substance is?. It consists "of a large num- 

; ' j / ^ ' » \^ ^ 

her of atom^, of which, during a given peripd, a certain percentage disintegrated 

• ' r I ^ ^ . ^ ^ 

or dies. Uranium atoms, when placed in a cyclotron, are made to trav^ at nearljy 

the velocity^ of light"-- just as we suppose to do. It is found that uraniuA 

/ ' ' " - 

subjected tjo such cyclotron experience decays raych more slowly than uranium sub-^ 

f * « • 

jected to ordinary terrestial experience. Here is^idence in favor of Ein^ 

" • ■ I ^ ' 

stein's time contraction formula. And isn^t our aging, a physiological process 
whose rate is that at which tissue and that ^ sort of thing decay? 
-(2) No tr^Ung faster thaft light . 
Using (l^and (2), we divide x ^y t. This i^ a^mi^e thing to^p for it 
eliminates the square root. ' ^ 

v~ ' • IL = = JLUL. . . '(3) 

■ t .t - - ,1 - -2-:^ 

c ^ c 

The algebra is very easy; the physical interpretation --'withouli wlTich t^e alge- ^ 
bra is, pointless not quite so ob'lious. " 

Once again we return to our rjiilway ttacY, A passenger^ Jf, traveling with- 
out a ticket, is, for reasons best 'known, ta himSfeif, running along the t*rain (a%, 
uniform velocity) from Mq, where he was wBen passed S^. SeVFlg,, ik. 

...i : . ^ V _ ' (x,t)* 



-% + Moving Syste;p 



I 



-I — ^ + Stationary 



s V .X • (x,t) • . ^ ■ sy^*^"" 

Fig /'A • ' . 



•Since P has' coordinated (x,t) on the train, he has moved dist^ce rela- 
tive to Mq iti time t. Accoixiingly, says thati P's veloc;^ is —T* 

And 'since P" has coordinates ix,t) relative to S^^S^ says that P - has ^ 
moved distance x in time t and that therefore I^s velocity is ^. For 

. EMC -^ZhX . V .^^2 ., || »V ^. T,;; 



.|.|..^reylty,^l^t^ ^ 
SO that (3) becomes ^ 



1 % t 



- U - V 



' uv 

" 2 

c 



We kave a physical interpretation that gives P's velocity relative to the ^ 
•moving train in .tBrms of (his velocity relative to a fixed observer. This is the 



famous addition lav of velobity* 



* . What*are its implications? Could ve, from B. 'rocket going at nearly the 

velocity of J.ight, shoot off a rocket to go mc5r5 nearly at the speed of TLight 
* tf • ' • 

and from this> shoot off' another to go even lAore nearly at t!ie speed of light? 
By Boosting jelocity in thj^s way, couldn't we .achieve a velocity 'exceeding that 
, of ligbt? Tiet's use the addition 'lav to find out* * * • ^ 

' ^ The best that ve can do for u is to itake v tp be a r^egative nximb^r* 
.Replacing v ' by -v, the addition formula becpnjjs 



SO fhat 



1 + 



uv 

» 2 

c 



. c^ 

1 + li^' 

- 2' • V . ^ , 



u + 



c 



u > u provided that - 1 - ^ > 0 
provided that c >»ti. 



i.e.. 



If c = u, then = u = c . AltematVely/ putting u = or in'* {ky 



) ' n- ~ ^ V _ ^ . 



1* 



^We^must conclude that it is impHsible tp ^xceed the vei|>city o^lightl 

{^) is of Intrinsic mathemsitical interest. 'If u and v are tvo 'given 
^ .velopities, their combined velocity is given by the foiroula ^ . . ^ ^ 



, ^/ v U + V 
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. . _ This functi4.on is a kind of genejralized sum, of . u and v. It ^satisfies the com- 
mutative ajid associative laws "ojf addition: " i ' ' , ' 

, ■ f(uA) = f(v,u);';: 'f(u,f(v,v)) = f(f(u^r),v).| ^5)' ! 

If u 'and V are e|ich less th^n the same will beHrue for this sum velocity. 

An ^expe^imeutal verification for TBis law of addition of velocities can be 
found in ^n experiment by Fizeau vhich was., in fact, performed before the theory 

''"of relativity was 'even formulated. As yoi^ probably Icnbw, the yelocity tff light 
in water u is slightly lower than the velocity of light in empty space c* 
Suppose now that we send a ray of light thrpugh a body of water whi(^jnoves 
,i:^elf in the direction of ihe ray with the velocity v. According to classical . 
physics, the total %elocity or the light ray should be u + v since the ray ^ 

, runs through the water with spewed u, and the whole arrangement is carried for- 
^ward with the velocity v. Fizeau carried out a very precise measurement of the « 
velocity of such a ray in a moving medium. - But to his surprise he discovered 
th^ following fact, [The velocity of the light in the moving fluid was 

/ *u = u + v(i.H^). " . > • (61 \ • 

^ Again, 4 is tUe velocity pf light in th$ water and v Is the, stream velocity, • 

^ , . ^_ 

*' •of the water. " • > 

« 

Consider now the addition law (U), ObseWe that the flow'velocity v' Is 



^ vej:jr j5i^all.„ppiiap£tr^-jba ibe.velocity of Xight Hence'-, -;r is a very sm^Il 

mtfaber. We may use the geometric series ' fonnula ,to write - 



UV /UV\2 /UV\^ * - 

= 1 - ^ + (^) (^) + ... 



1 + — c c 'c , 

c . - : * 



We^ commit^ a very small error if we put 



- 1 + c 



• * " • * 

Observe that with the approximation thfe addition law {k) becomes the formula (6) 

established by Fizeau. The error glue to our approximation is s6 small that the 
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experimenter could not possibly observe it,' Thus, Fizeau's formula is a bril- 
. . . • . i; 
liant justyific&tion for the addition law {h) of velocities • 

But now i/e should^^SSid a remark which shows particularly well the great" t ^ 

power of mathematical%thfeory. Suppose a good mathematician had heard of ^PiLzeau's * 

experiienif and of hi&lfonnula (6) but had never heard of relativity theory and 

^ of the law {k) of addition'of velocities. He might loqK at (6) and muse about ^1 

its- meaning. It is somethi'ng like an addition law for u and v, but it does 

not satisfy the commutative arfi associative laws (5), The mathema1?lcian might 

fiilspect that (6) is only approximately ;true and is a good approximation to an 

''addition law ^f{u,v^ in the case of small v, ^e might then ask the/question: 
/•'"'*' \ ' 

V/hat,is the function f(u,v) which satisfies (5) and becomes very nearly (6) 

' \ ' ' ' ' . / 

for small values of v? It can, be shown that the only possible choice for 

f(ujv) is the function Ih) , Thus, the mathematician could have deduced: the 

'correct law of addition of velocities from an approxdinate experimental formula, 

^ Think this overl You will understand^ why scientists call mathematics our sixth 

f sense with which to experience reality! 

(3) Energy has mass , 

" ^ ' I\a1i$Sm'ei^ai^ tb the study bf^even tlie most elemehiary "^namics' is Newton's/'^^ 
^ famous l^x that^the {orce a(^ing on a body is proportional t6 the 'mass times the , 
acceleration of the body:\ • ' • « • ^ . \ ^ 

In consequence, if a given b'^jT**^ acted upon by a constant' force^ it h^s a don- 
stan-^ acceleration. But, if , its acceleration is constant^ then its'velQC^ty 
continually increases, so that finally it will go^faster than light. On the 
othe:^ hand, if we -accept th^^well verified Michelson-Mbrley result that the ^ 
velocity of .lifeht is invariant, we , are forced to accept its logical <?onsequenc| 
that jaothing can go faster than light,* Something must hapl>^ to reduce the 

body's acceleration at high velocities • ^ ' . - . 

4 . * *^ * ' ^ ' ' 

^ To concentrate on the acceleration a, we isolate it by writi^ng Newton's 



0 
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law in" the form . *. 



— = a, 

m 



F 

4 Since a. must decrease for high.. velocities, so must the ratio But, by 

hypothesis, F is a fixed force,* so what do^you conclude? Yes, that for high 
velocities at least m must increase as the velocity of the body increases • 
However, it would be most odd if the increase were not continuous. In conse- 
quence^ the only explanation Einstein could find is that^mass must increase with 
velocity. Mass must become progi^sively harder to push with increasing velo- 
^city. 

In his famous paper of 19(5 Einstein ^argued that *tO; the mass of a body at 
rest m^ must be added the energy E of the body times -~ to give it mas^ ' 
m , its mass ^-t velo.city,*' v: \ ^"fey , " .s'-*----,^ 

But the difference between masses m^ and m^ iiS surely a mass, so that eneigy ' 
itself must be transformable into mass: ^ . 

At that time this ^was*a fantastic idea. Nobody had ever before thought 

• ** 

' * that mass and en^^gy 'could' be eggs out of the ^ame basket. Energy is mass in 

. ' .•^ ^ ^ 

^ motioni^xnass itself is something ^that -C^aui "be weighed, static, on a pair, of 

^5 • . ^ ^ , ' ^ . ^ V ~ - y-y 

scales. Surely energy is not the sort 'of stuff which ^an be weighed]? Even in 

^1905 when Einstein stsirtled by, his own idea he suggested that •a study of. 
* • * ' ♦ 

. *■ radioactive i^ubstances — where tremendous renergies are hidden would very pos- 

- '^ . . r / ^ ' " ' « 

sibly show that energy can be transformed into mass and mass into energy, Foirty^ 4 

years later, » in 19^5^ this was all too -dramatically verified; hi? thesis tha1j^^;» ^ . 

, ; E ='mc was the basis of calcuation for the atomic bomb as well as for atomic" ' , 



power. 
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^•15 In ^ Retrospect . ^ ^ ' y 

^ Given the Michelson-Morley experimental result; what foljpwsf We now know 
the more important consequences and the simple matheiitatics used to deduce them, 
ti particular,^ we have seen what can be done with matrices when used with bold 
imagination. Of course, what was done elegantly with matrices could have been 



done inelegantly without theni; but, who wants ^o drive nails with stones? Yet 
nover forget that it is the^'man who handles the hammer that counts. Such .simple 
mathematics enabled Einstei'n to change our' entire conception of the physical 
world and to make ^redic^ion, Cdrty years in advance, that heralde<rnew mas- 
tery of our world/ This- Is an example of the power and the glory of ma-themat- 
ics— and the genii;?-^ Einstein, 
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